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PREFACE 

I have much pleasure in acceding to the author’s request 
• (Sat 1. should say a few words by way of preface to his 
hook, for tho main lings on which it is constructed liavo my 
cordial assent, and have indeed been followed, more or less, 
in the teaching given in this Univorsity for many years 
past. 

The subject falls naturally into two main divisions. The 
first is a mere continuation of tho Euclidean Geometry con¬ 
tained in Books I.-VJ. of the Elemonts, and deals with the 
relations of straight lines, pianos, and *tho simpler curved 
surfaces. There is no reason why this (should not be treated 
as rigorously as tho Euclidean piano geometry; and indeed 
nothing but vagueness »nd confusion cold*!- result from any 
attempt to deal with it otherwise. There is, however, 
one serious defect in Euclid's %wh exposition of the matter, 
in that various purely descriptive* theorems relating to 
parallelism of lines and planes are made to depend *on 
metrical properties involving perpendiciflar.^ with which 
•they have no. natural connection. The ituthor, deviating 
in this respect from the practice of Euclid and of most 
English text-books, liaafnAtleaVoured to follow the strict 
scientific procedure. At the same time an attempt has 
bpen made to keep the nunlW of cardinal propositions 
within moderate limits. As sovorai otherwise excellent 
f continental treatises show, this is not altogether an easy 
matter. . 
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Tho second main division deals with the Mensuration of 
Solids and of Curved Surfaces. Hero, I think, some greater 
latitude, and even laxity, of method *is permissible. The 
subtleties involved in a rigorous treatment are best reserved 
for a later stage, when they are dealt with systematically in 
the Integral Calculus. In the case of elementary students, 
all that can fairly be required, and indeed all that is really 
practicable, is that simjjle “intuitional” proofs, or rather 
outlines of proofs, shoujd be given, with an occasional 
warning (for conscience’ sake) whenever an essential poist, 
is (for the present purpose) deliberately assumed without 
full demonstration. 

Sections relating to the thepry of Perspective, the theory 
of Symmetrical Figures, Biller’s theorems on Polybedra, and 
so on, have been interpolated. Tho ideas involved are 
simple, and tho results are interesting; the inclusion of 
these topics is, moreover, amply warranted by precedent. 
In the present exposition special attention is directed to 
some points which a^e not infrequently overlooked. 


Victoria University or Manchester, 
December 11)00. 


HORACE LAMB. 



AUTHOR’S PREFACE 

• 

Wffi present book is designed for use*in the Higher Forms of 
Schools and in University Courses of intermediate Standard. 
K' oping both theso ends in view, the number and range of 
Examples have been hugely inefbajed, and some of the more 
difficult portions of the book-work have been inserted at tho 
ends of the chapters as Supplements. 

The earlier figures are intended to suggest figures drawn 
on two blackboards placed at an angle to one another, in the 
hope that it will encourage the construction of actual solid 
figures, and that this will be found to hdlp in bridging the 
gulf between the mental imago of a solid and its cnjjiventional 
representation. 

Tho Supplement which occurs at the end of the first part 
bf the book, and which deals with Spjierieal Geometry, has 
been cast; in'its present form beams# of the light whiolwtj 
thereby thrown on the corresponding treatynont.of I’lane 
Geometry, and because of its intrinsic interest its the Geo¬ 
metry of figures drawn on the Earth. 

In any work which is the result of a gradual growth any 
acknowledgment of the sources from which help lias been 
derived is necessarily incomplete. In the present case, I 
ow^ much to the Treatise on Geometry by Houchd and De 
Comberousse, from which book many examples have been 
fifken; in Spherical Geomotry similar help has been gained 
from yie book on Spherical Trigonometry by Todhunter and 
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Lathem; anil for references use has been made of the Shdlt 
History of Mathematics, by W. Itousj Ball. 

Much more do I owe to the opportunities of talking things 
over with Professor Lamb (who has,also furnished a number 
of examples) and with my colleagues, Mr. R. F. Gwyther 
and Mr. F. T. Swanwick. 

W. If. J. 

m 

Victoria University of Manchester, 

January 1907? 


PREFACE TO TIIE* SECOND EDITION 

« 

The present edition differs from the first in that it contains 
additional matter, consisting of Notes to Teachers (p. xiii), 
giving the reasons fcr most of tho differences botween this 
book and other bjoks covering the same ground; References 
to Theorems in Plqjne Geometry (p. 172), added because tho 
Euclidean references adopted in the text are no lo.nger so 
well known“!w*4gj'merly; and an Alternative Treatment of the 
Fundamental Propositions (p. 157), inserted becauso experi¬ 
ence has shown that most pupils find more difficulty with 
the first chapter therewith any otlior. As the natural result 
if* six years’ use, a number of alterations and cerrections 
have also bgen thado throughout the text. 

I have again to thank my former coll lag no, Mr. F. T ., 
Swanwick, as well as his successor, Mr. II. It. Hassd, for thjir 
help in taking ovor the alternative treatment now added and 
in supplying me with corrections for tho text. 

I shall be grateful for afiy hints which teachers may send 
me as a result of their experience in using this book. 


MAsciiKsrr.a, 1913. 


W. H. J 



CONTENTS 


PART I 

VVilli GEOMETRY 
CHAPTER * I 


Non-Metrical Theorems.* 

PAGE 

1. INTRODUCTORY .*.1 

2. POSTULATES. A 

A * 

3-10. STRAIGHT LINES AND 1‘LANSS.5-12 

EXAMPLES 1.13 

Supplement > 

11. perspective *.14 

12. PROJECTION 17 

13. POINTS AT INFINITY . . . * . .18 

EXAMPLES II,. . 20 


CHAPTER II 
General Metrical l^iWemB 

Q *» 

14. TIIE ANGLE BETWEEN TWO STRAIGHT LINjfS . . 22 

10. THE NORMA*. TO A PLANE . . . .24 

EXAMPLES HI..27 

10. THE SHORTEST DISTANCE BETWEEN TWO SKEW STRAIGHT 

LINES.' . 30 

17. TILE ANGLE BETWEEN TWO PSANES . . 32 

1€. THE ANGLE BETWEEN A STRAIGHT LINE AND A PLANE 35 

EXAMPLES IV..35 

* See Appendix, 

vll 





viii 


CONTENTS 


Supplement 


19. SYMMETRY. 

EXAMPLES V. . 


nai' 

39 

42 


CHAPTER III 
Polyhedra 

t 

20. TRIHEDRAL ANGLES; FARE ANGLES. . 

21. THE CONGRUENCE OF SOI.I1) ANGLES 

22. THE P1USM . . * . 

% 

EXAMINES VI. 

23. T1IE TETRAHEDRON . . t . 

24. THE PYRAMID. 

25. THE POLYHEDRON . 

EXAMPLES VII. j 

« 

* Supplement 
20. ruler's theorem* . 

EXAMPLE VIII. 


45 

41 

5( 

55 

54 

5? 


5C 

66 


70 

74 


C H A*P'iirK R IV 
(Jwrved Surfaces 

• 

27. scrfaoi^of Devolution. 77 

28. TANGENT LUPUS ANI) PLANES . . * .80 

EXAMPLES IX..* . .81 

Supplement 

0 

29. tiie geometry of the sphere j DF.FINITIONS and 

postulates.35 

30. the geometry of the sphere ; POLE and polar . 88' 










CONTENTS 


IX 


PAGE 

*1. THE GEOMETRY OF THE SPHERE; THE POLAR TRIANGLE 92 

32. THE GEOMETRY OF THE SPHERE; THE CONGRUENCE OF 

TRIANGLES.94 

33. THE TANGENT PLANE, TO A SURFACE OF REVOLUTION 100 

EXAMPLES X. . .102 

1’ART T,I 

MKNH UR A T, ION 
CHAPTER »V 

r 

Measurement in General 


34. 

the 

MEASUREMENT 

OF 

LENO’NU 

105 

35. 

THE 

MEASUREMENT 

OF 

AREA . 

. 109 

36. 

THE 

MKASUREMENT 

OF 

VOLUME 

. 113 


EXAMPLES XI. 


. >' . 

. 114 


CHAPTER VI ' 

The Prism and Cylinder 

37. THE LATERAL AREA ,OF A PRISM Olt CYLTVDEkT . 121 

38. THE VOLUME OF A PRISM OR CYLINDER . . .123 

EXAMPLES XII. . . A . . 125 

I’ 

•, ' CHAPTER VTl 

The Pyramid and Cone * 

89. introductory .126 

40. THE VOLUME OF A PYRAMID OR CONE . . 128 

EXAMPLES XIII.' . 128 

41, THE VOLUME OF A FRUSTUM OF A PYRAMID OR CONE 132 
4$. THE VOLUME OF A TRUNCATED TRIANGULAR TltlSM . 135 

y*3. THE REGULAR PYRAMID AND RIGHT CIRCULAR CONE 137 

EXAMPLES XIV.■ . .140 

o 



X 


CONTENTS 


CHAPTER VIII 
• The Sphere 

PACK 

44. THE AREA OP A SPHERICAL ZONE , . .144 

45. THE VOLUME OF A SPHERE ..... 147 

40. THE VOLUME OF A SPHERICAL SFOMENT . . 149 

47. THE AREA OF A SPHERICAL TRIANULE . ... 150 

EXAMPLES XV.. 152 

APPENDIX— 

I. Alternative Treatment of'the Fundamental 

Propositions, Spc.tioiw 2-10 and 15 (part) . 157 

II. References to 'L’s hokums in Plane (Isometry 172 

INDEX.174 



ELEMENTARY -SOLID GEOMETRY 


I'AKT i 

PU11K iSKUilKYltr 
(.'H'A.l’THR 1 

NON M KTR 1C A [* *THKOl; HMS 

• 

1. Introductory. 

Tim idon of a solid body is the simplest, idea connected with 
space with w-hii-h our expei icnce makes us familiar A solid 
body always possesses a, boundary m.u king 1>(f tho space wo 
call inside the body 1’iom Ihe space we call•uilsido the body; 
this boundary is termed its surface 

We may think of the surflUee of a solid .is cojrsisiin;/ of two or 
more portions, which are separated b\ boundaries called lines. 

’Lastly, we mav think of lines as consist,in" of portions 
which are«sop;\rated by boundaries ealhd points. 

Solid Geometry aims at, comparing solids*in respect of 
#hape, size, and position." These qualities ar# capable of 
being studied apait, fioin the material bodies to which they 
originally belong; hence solid geometry L concerned solely 
with the position of points, lines, and surfaces, ap;U*t from 
all else. 

Naturally, in the first place Geometry deals with the pro¬ 
perties of tho simplest surfaces and lines. Governing the 
inifbual reflations of planes and straight lines there are many 
laws, all of which are equally well based on ovpeiiencc. It 

A 
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is the aim of Deductivo Geometry to classify these laws, and, 
further, to select a few, called Postulates, which have the 
widest application, and then to show that all others are 
included in these. 

Our concern is primarily, therefore, not with the truth or 
falsehood of the laws with which wo deal, but rather with 
the relation in which they stand to one another; their truth, 
that is, their applicability to experience, can only be deter¬ 
mined by trial. 

It frequently happens that propositions are proved (thatjs, 
their truth is shown to depend on that of the postulates on 
which geometrical theory is based) by a method generally 
known as a Reduetio ad Absutdum. A more accurato descrip¬ 
tion of the method is obtained by referring to it as the 
Method of Exhaustion.* It may he stated as follows:— 

If one of two or more mutually exclusive hypotheses is 
necessarily true, a/iy one is proved true when all the rest 
have been provejl not true. 

For example, lef. a, b demote those sides of a triangle ABC 
opposite to the angles at A, B respectively. 

Eue. M8 states that— 

“ When a>b, A> B,” and “ When a<b, A<B.” 

Taking this for granted, we can now see that Euc. i. 6, 

• which states that— ' 

\ ' “ When A= B, a = b," 

t | 

is inevitably included. 

For if a were greater or less than b, then A would be 
tgreatfr or less than B, and could therefore never be equal to 
B ; that is, a cannot he greater or less than b, and must 
therefore be equal to it. 

* Not to bo confused with the Method o( Exhaustions, used by 
Eudoxus (408 -355 B.C.) in propositions such as Prop. C, p. 12S, which' 
depend on the division of the figure into infinitesimal portions. 
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To take a more general example of the Method of Exhaus¬ 
tion, the proposition “When A is true, B is true” may also 
be expressed “ When B is not true, A is not true,” if we 
know that each of the statements denoted by A and B must 
either bo true or not true* Kor every conceivable ease must 
fall under one of the four classes in the following scheme:— 


• 

B is true • 

. A 

B is not true 

• A is true 

I ‘ 

Ti 


# 



• 


A is not true 

III’ . 

TV 


It is here meant that ('lass I. includes all cases in which 
A, B aro both true; Glajs 11. includes all cases in which A is 
true but B is not true; Class Til., those in which A is not 
true and B is true; Class IV., those in wjiich neither A nor 
B is true. 

The proposition “ Wh#n A is true, B is true,’’ is equi¬ 
valent to saying that Class XT. does not exist. But tho 
proposition “ When B is not t»’jie,« A is not true,” is also 
equivalent to saying that Class TI. doesvuot exist. Tho two 
propositions are therefore identical. , i 

Two propositions which are of tho forms “ \?Tie(j A is true, 
•B is true,” and “When % is true, A is true,’'are converse 
to each other. 'Hie hypothesis and conclusion of a proposi¬ 
tion are interchanged in order to obtain its converse. 

A proposition and its converse, aro not equivalent.® This 
may be seen by reference to the above scheme. • 

i 

The proposition “ When A is true, B is true,” states that 
Qlhss II. does not exist; but the proposition “ When B is 
true. A. is true.” states that Class III. does not exist. 
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For example, the converse of “ When two triangles are 
congruent, their areas are equal,” is “ When two triangles are 
equal in area they ate congruent,” tfnd the converse of the 
proposition,Euc. i. 8, “When two triangles have three corre¬ 
sponding sides equal they have three corresponding angles 
equal," is “ When two triangles have three corresponding 
angles equal, they have three corresponding sides equal.” 
But neither of these converse propositions is true ; 

2. Postulates. * 

t Postulates of the Straight Line. 

Post. 1. A straight line is of indefinite extent. 

t 

Post. 2. There is one .sti'iight line, and only one, passing 
through any two given points. 

Postulates of the Plane. 

Post. 3. Through any given poiit tliero is one straight 
line, and only one, which does not cut a given straight line, 
and which is in tlffe same plane with it. 

Post. ?r The whole of a straight line passing through any 
two points of a plane surface lies i!i that plane. 

Post. 5. There is at least one plane passing through any 
three given points. 

‘Post. §. If two planes have one point in common they 
have another also. 

These postulates, along with the initial statements, render 
formal definitions of a straight line and plane unnecessary. 

1 Sfholium: A plane is of indefinite extent. 

* See Appendix. 

+ A complete analysis of the postulates of geometry ib gtvqp by 
D. Hilbert, The Foundations of Ommetiy (Trans.), London, 11)02, and 
A] N. Whitehead, The Axioms of I'rojectirc Geometry, Cambridge, 19J6. . 

X Scholium (= note) is hero restricted to denote a deduction whiah 
Jt is useful to lemember, but which hardly ranks as a proposigon, 
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3, The Relations between Two Planes. 

* Def. 1. Two planes which have fto common point are 
said to be parallel. 

Def. 2. Two planes (or straight lines) which are not 
coincident, but which have a common point, arc said to out; 
all the points commrfti to two planes form their join, which 
is also called the^trace of one plane 11 non the other, 

Pitor. 1. Through three points not all in one straight 
liftfi only one plane 
can be drawn. 

* For if two planes 
a, P have points 
A, B, C in common, 
they also have in 
common the whole 
of the straight lines 

AB, AC. 

[Post. 4, p. 4. 

Let D bo any 
point of the plane 
a. In the plane o, Em. 1. 

any straight lino , 

fhrough D (with two possible exceptions} cuts both AB, AC ; 
say at points'E, F respectively. |Post. 3, p. 4., 

These points E, F lie in the plane fi, and ILTrefofe, so also 
•does the point D. * )Post. 4, p. 4. 

•» 

That is, any point in a lies also in fi, and the planes a, /8 
are coincident. 

There is therefore only one •phmo through the •given 
points. • 

4 

m , * In every case it is to be understood that a definition leaves quite 
urftouched the question of the existence of the thing defiued : that 
must ultimately depend on the postulates. 
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* Prop. ?. If two planes have one point in common their 
join is a straight line. 

For, if they havo one point in common, they have at least 
two; [Post. 6, p. 4. 

And, if they have two points in common, they have in 
common the one straight line which contains both points. 

[Post. 2, Post. 4, p. 4. 

Further, they can hltve in common no foint outsido this 
line, for then they would be coincident; [Prop. 1. 

Their join is therefoie a straight line. 

The possible relations between 'two planes may now be 
stated: 

Two planes must (dtheh 

(i) be parallel, 
or (ii) cut in a straight line. 

Scholium : A plane is completely determined by either 
of the following data : 

(i) three joints not in one straight lino, 

(ii) a straight line and a point outside it, 

(iif) two straight lines which cut. 

4. The Relations between a Plane and a 

• Straight Line. 

« * 

* Def. 1. A plane and a straight line which haste no point 
in common ark parallel. 

A plane and a straight line may have in common either : • 

(i) no point, in which case they are parallel, [Def. 

(ii) one point, when they cut, 

or/iii) two or more points, when the plane contains the 

t straight lino'. [Post. 4. 

Def. 2. The point in which a straight line meets a plane is 
said to be its trace upon that plane. 

* Kuc. xi. 3. 
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. 5. The Relations between Two Straight Lines. 

The piano through esie straight line and one point of a 
second straight line must either 

(i) cut it, • 

or (ii) contain it. [Post. 4, p. 4. 

Since two planes wlfleh have in common a straight line and 
an external point are coincident (Sell., p. (!), it follows, if 
any one plane contains both of two green straight linos, that 
no plane which contains one straight' lino can cut the other 
iifit poirj; external to tho first. 

Also, if any one plaife contains one line and cuts the 
* '!her in a. point external to the first, no plane can contain 
both straight lines (by the Method.of Exhaustion). 

Def. 1. Two straight lines such that some piano exists 
which contains both are said to he co-planar; two straight 
lines such that no plane exists which contains both are called 

skew. • 

• 

Def. 2. Two co-planar straight linys which have no 
common point are parallel. 

The possible relations between any two ijtraight*linos are 
shown in tho following scheme:— 

• They may bo 

non-intersecting j 

Scholium (a) :#A straight line is parallel to, or contained 
by, a plane if it is parallel to any one straight line in that 
piano. . [Defs. 

Scholium (l) : A plane is completely determined &hen it 
contains two parallel straight lines. [Pos*t. 3, Def. 

, Scholium (c): A plane which contains one of two parallel 
straight lines, cannot cut the other. 


intersecting 

parallel 

skew. 


| vO-plai 
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6. Notation. 

Points will be denoted by capital Jotters, such as A, B, C. 

Straight lines by small letters, such as a, b, c. 

Planes by small Greek letters, stjch as a, f), y. 

The straight line containing two points, A, B, will be 
denoted by AB, and the plane containing two straight lines 
a, b, by ab. , 

The straight line which is common to {wo planes, o, /?, 
will be denoted by (a 8)» 

7.*Three Planes. 

% 

Prop. 3. The joins of three planes no two of which are. 
parallel are either concurrent* or parallel; if two planes are 
parallel their joins with the third are parallel.* 

For the three pianos cither 

(i) have a point A common to all, [Fig. 2. 

or (ii) have no point common to all. [Fig- 3. 


• «* 


Kin. 2. . 

To the first rase, A is common to every pair of planes, and 
the tlijpe'joins meet at A. 

In tlnj second cast!, no two joins can cut (for that point 
would bo common to all three planes) and, being co-pla^ar 
in pairs, the joins are parallel. [lief. 2, p. 7. 

* Euc, si. 16. * 
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• • 

Lastly, if two of the planes are parallel there can be no 
point common to the three planes, [ f)ef. 1, p. 5. 

and the two joins canfiot cut; being, co-planar they are 
therefore parallel. [Def. 2, p. 7. 



> • 

Fig. S. 


PROr. 4. If two planes are each parallel to a third they 
are parallel to one another. 

If the two planes could havo a commoy point A, their 
joins with any other plane, which passes through A and 
cuts the third plane in a lino 1, would be two lines parallel 
to 1. pProp. 3. 



Fig. 4. 


Put both of these lines parallel to 1 would also pass 
through A, which is impossible. [Post* 3, p. 4. 

Ae planes are therefore parallel. 

.‘Scholium : If a plane cuts one of two parallel planes it 
cuts thg other also. [Cor. to Prop. 4 
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8.' Two Planes and a Straight Line. * 

Prop. 5. If two planes are paralfel, a straight line which 
cuts one. cuts the other also. 

Consider a plane y passing through the given line 1 and 
any point of the given plane fi ; and let 1 cut the given 
plane a in A. 9 

y having a point yi common with ea«jh, crfcs a, /?, in 
parallel lines. [Props. 2, 3. 


The line 1 cuts one of these at A and, lying in the same 
plane y, must, therefor^ cul the other also. [T*oflt. 3, p. 4. 



That is, if the given 1ii*f cuts one piano it also cuts the 
other. * 

"Scholium (a): A straight line which is paraflcl to, or 
containo(*l # hv, one of two parallel planes is either parallel 
to or contained by the other. * [Method of Exhaustion* 

Scholium (/>): Tf a straight line is contained by one plane 
and is pyrallel to another plane, it is parallel to their join. 

# [Dcfs. 

Scholium (c): A straight line which is parallel to each of 
two planes is pniallel to their join. % 

(Consider a plane which contains the given line and any* 
point of the join of the two planes and use Sch. (/;).) 
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9. One Plane and Two Straight Lines. 

Pitop. 6. Any plane which cuts ene of two parallel 
straight lines cuts the other also 



The given plane a cuts the piano containing the parallel 
lines 1 , m, ill a 
straight line which 
cuts 1 Si some 
point A. 

[Prop. 2, p. 6. 


This line must 
therefore cut m 
> s o. That, is, if 
the given plain' 
cuts one of the 
parallel lines it 
cuts the other 
also. 

[Post. .1, p. 4. 


Scholium (n): If 
a plane is parallel 

to or contains one , 

of two parallel straight lines it. is parallel to or contains the 
other. , [Method of Exhaustion. 


Note that cxpctly the same statement may ho mad.: in different 
words as follows. If a straight line is patlllol to or contained in,a ' 
given plane,'any straight laic parallel to the given h.ne is also cither 
parallel to or contained in the given plane. 

Scholium (h): jf two intersecting lines are parallel to a 
given plane, the plane containing them is parallel to it. 

[Post. 3, p. 4. 


* Scholium (r): If two internetting straight lines are re¬ 
spectively parallel to another pair of intersecting lfncs, the 
plade of the first pair cannot cut that of the second pair. 

[Prop. 3, Post. 3. 


* Hue. xi. 15. 
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10. Three Straight Lines. 

*Prop. 7. If twq straight lines* are each parallel to a 
third they are parallel to one another. 

Let 1, m be lines cacti parallel to n. 

(i) 1, m cannot cut. [Post. 3, p. 4. 

(ii) They arc co-planar; for otherwise, a piano con¬ 

taining 1 ynd one point of m, jvouldV’ut IT), 
would therefore cut n, [Prop. 6. 



• Fia. 7. 


.anif'therefore 1 also, < [Prop. 6. 

wfiich it contains. t * 

From (i) and (ii) it follows that 1, m are parallel. 

. [Dcf. 2, p. 7. 

ScJolium : Threo straight lines, such that, arch cuts the 
other two, are concurrent or co-planar. 

For any third straight lino, which cuts each of two inter-_ 
* Eac. xi. 9. 
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seating straight lines, must either (i) pass through their 
common point, or (ii) cut them in two distinct points. In 
this last case the linos aro co-planar. » [Post. 1, p. 4. 

This reasoning can ho applied equally well to any number 
of straight lines, such that each cuts all the others. 

Examples I. 

1. No two straight lines each joining two given skew 
straight lines are parallel to one another; no two aro 
co-planar •unless they cut on ono of 'the given lines. 

2. If any number of points are such that all sets of three 
are collinear thoy are all colliiutij-. 

3. If six points lie three by three on four straight linps, 
they aro co-planar. 

4. If three planes have no common point the join of any 
two is parallel to tho tliiyd piano. 

5. Through any point not common to two given planes an 
unlimited number of planes can bo drawn, bach cutting them 
in a pair of parallel straight lines. 

6. There is one and onl£ one plane containing one of two 
given skew straight lines and parallel to tho other. 

• 1 > 

7. There is one and only one plane’parallel to a given 
plane and.contaiuing a straight line parallel to it. 

8. The locus of straight lines drawn thiough a given 
•point parallel to a given’plane is a parallel plane. 

9. There is one’and only one plane through a given point 
parallel to both of two skew straight lines. 

10. Threo planes having no common point must cat in 

two or three straight lines or not at all. , 

1*1. If a number of planes have two points common to all, 
I ‘”a»y other plane cuts thorn in straight linos which are either 
all concurrent or all parallel. 
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12. Through any point, not lying in either of two parallel 
planes, one and only one straight lino exists which cuts each 
of two given skew straight lines. # 

13. Parallel to any straight line (provided that this line is 
not parallel to a certain plane), tln*re exists one and only one 
straight line which cuts each of two given skew straight lines. 

14. Into how many portions, in general, do four planes 

taken at random divide space? # [15. 

15. Four planes, no*two of which are parallel, meet in six 
straight lines which are such that either : 

(i) each meets at least four others, 

(ii) three are parallel. 

(iii) six are parallel. 

16. If n planes are such that no two are parallel, and that 
through no point do there pass more than three, they cut in 
|n (n - 1) straight lines; if, further, no two of these straight 
lines are parallel, they cut in |n (n - 1) (n ~ 2) points. 

17. A tetrahedron is uniquely determined when in each of 

its six edges one # point is given; giten six points there are 
thirty tetrahedrons, such that each edgo contains one of the 
six points. 8 

18. * There is an unlimited number of straight lines, 
mutually skew,-which all cut two^given skow straight lines, 
and which are all parallel to a given plane not parallel to the 
two given lines. 

19. * There is ah unlimited number of straight lines, 
' mutually skew, whi'di all cut throe given straight linos, no 

two of which ft re co-planur. 


SUPPLEMENT.’ 

11. Perspective. 

Def.f* Two rectilinear figures are in perspective when to 
each point of one ligure corresponds a point in the qjher 
# If string models bo constructed it will be found that these systems 
of lines lie on ourvod surfaces; they are respectively named pdija-^' 
boloids and hyperboloids. t See Dcf. 1, p. 17. 
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figure such that the line joining them passes^ through a 
fixed point called the centre of perspective. 

Kitber figure may be said to be a conical projection of the uther. 



Klii S. 



Fio. 9. 
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Prop. 8.1 If two plane figures not co-planar are in per¬ 
spective corresponding straight linfs either are parallel or 
intersect in collinea'r points. 

Let a, a' denoto the planes of^the two figures and AB, 
A'B' two corresponding lines. 

Then AA', BB' meet in the centrt^of perspective O and 
are therefore co-planar. 

Hence AB, A'B' bofh lying in the piano* OAB, either cut 
one another or are parallel; and, if they cut, their common 
point R must be common to the planes o, a', nrn^ therefore 
lies on the straight line (ao'). ( 

Thus all corresponding lipes in these two planes either* 
cut in eollinear points or.arS parallel. 

Def. A perspective drawing of an object is a plane 
figure in perspective with it; the centre of perspective 
being supposed placed in the eye of an observer, and the 
plane being called the Picture Plan# (P.P.). 

The following Rules can bo immediately deduced from the 
preceding propositions:— 

Rule*(i). Parallel straight lines which are parallel to the 
Picture ‘Plane are represented by parallel straight 
lines. 

Rule (ii). Parallel straight lines which are not parallel to 
the Picture. Plane are represented By concurrent 
straight lines meeting in a point called "their Van¬ 
ishing Puint (V.P.); the .line containing both this 
point and the Centre of Perspective is parallel t(f 
the given lines. 

Rule'(iii), The Vanishing Points of sets of parallel 
* Straight lines all parallel to a given plane lie in a 
Straight line called its Vanishing Lino (V.L.); the 
plane containing this lino and the Go"*— “ c 
epective is parallel to the given plane. 

* Desargues (1593-1602). 
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• 12. Projection on a Plane by Parallel Lines. 

Def. 1. One figure is She parallel prtjjection of the other 
when the lines joining romispomling points are all parallel. 
The figures are also said to bo in parallel perspective. 

Def. 2. The plane on which a figure is projected is 
called the plane of projection. 


Pnor. 9». The parallel projection of a straight line on a 
plane is a straight line. * 



Flo. 10. 

If A, B are any two points in a given straight Ur#' and 
A' be the projection of A on 4 n given plane a,(the projec¬ 
tion of P, any point on AB) lies in the plane ABA' ns well 
as in the plane a. [Dof. 2, p. 7. 

The projection of the straight line AS is therefore the 
straight lint) which is the join of these tw<* planes. 

' * [?rop. 2, p. G. 

# Scholium (a): The projections of parallel straight lines 
are parallel straight lines. 

For if their projections had a common point the given 
lines, being co-planar, would have a corresponding phinb in 
common. • ® 

Scholium (b): Tf ono piano figure is the projection of 
anotter, corresponding straight lines in the two figures 
r aro parallel or cut in collincar points. 

[Cp. Prop. 8. 
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13. Points at Infinity.* •> 

In treating of Ur- relations between two planes we said 
that they either 

|i) cut in a straight line 
or (ii) are parallel; 

and in the theorems which followed, separate consideration 
had to be given to parallel planes. This double treatment 
can he avoided if we agree to speak of'parallel planus as 
planes which “ cut in ft straight lino at infinity.” 

Tt is useless to attempt to form any geometrical con¬ 
ception of “ points at infinity,” because it is simply a con¬ 
venient form of speech by the use of which we can reduce 
all tire theorems yet considered to special cases of a single 
more general theorem. 

In the same way we may agree to speak of a straight line 
“ cutting in a point at infinity ” any plane or straight line 
to which it is parallel. , 

In order that these phrases may really simplify the rela¬ 
tions which we wish to describe, it is important to see if it 
is possible to make these titular “points and straight, lines at 
infinity” obey* the six fundamental postulates (p. 4) in all 
or nearly nil eases. 

Def. 1. In the Jirst pfiice, we must define a straight line 
containing a point «a, and X, a “point at infinity on the 
straight line a,” To be a straight line containing P and 
parallel tp a. 

I * 

Def. 2. Similarly, a plane containing two points P, Q and 
X, a “point at infinity on the straight line a” is a plane 
containing P, Q and pniallel to a. 

iSef. 3. Further, a [dune containing a point P and X, Y, 
l,wo “‘[mints at infinity on the straight lines a, b respec¬ 
tively,” is a plane containing P and paiallel to the straight 
ines a, b. 

* 

* The idea of Points at Infinity was used by Dcsargues in 1G39.‘ 
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* * • 

The first two and the fourth postulates offer no difficulties, 
but the third must be expressed anew. It is equivalent to 
the following statement?— 

In any given straight lino there is one and only one “ point 
at infinity,” and every paw of co-planar straight lines have 
one point in common (which may be a “point at infinity”). 

For if a straight fino a had two “points at infinity,” 

X and Y%hrough any point P two slight lines (Post. 2), 
PX and PY, could*be drawn each parallel to a (l)ef. 1, p. 18). 

The fifth postulate, when one or two of the three points 
are taken To be “ points at infinity,” states the possibility of 
(.n-wiiig a plane through tTvo given points parallel to a given 
^straight line (Dof. 2, p. 18) through one given point 
parallel to two given straight lines (Def. 3, p. 18). 

The sixth postulate is only used to prove the second pro¬ 
position, which enables us to make the following statement:— 

Every pair of planes i\pt coincident cut in a straight lino, 
which may be a “stiaight line at infinity.” 

There, is one exception to the new statement of # the third postulate 
given above: A “ straight hue at. infinity ” contains an unlimited 
number of “ points at infinity/' instead of only one. * 

For a “stiaight line at infiffit^” x, implies Ilio*existenee of two 
parallel planes, a and (J say, which are such that an indefinitely great 
number of planes, such as 7, may be ifr^wn, each plane cutting them 
in’ a pair of parallel straight lines, such as fay) and (fty), (Schol., 
p. 9). Every sueli pair of lines cut in a “j»unt at infinity,” and in • 
order to preserve the same form of speech before, these must 
described as common to the two planes a, ft, and therefore as con¬ 
tained by the “stiaight line at*infinity,” x. t 9 

Scholium: In any plane there is only one “ line at infinity.” 

For if there were more, there would bo moro tluin one 
plane parallel to a given plane and passing through a (jjven 
point. • 

Parallel projection as defined in § 12 is seen to be a special 
,£fi£e of perspective if we take tlio centre of perspective to be 
a* point at infinity.” 
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I f I 

We can now express the results of this chapter as special 
cases of tbd following general theorem* 

C 

Theorem: If X, Y,' Z refer to any lines, surfaces, or spaces, 
then any points common to X and Y and to X and Z are 
common to X, Y, and Z, and therefore to Y and Z. 


For example, to get the results of 17, let X, Y, Z refer to 
three planes. 


If the point common to the three plands is “ at infinity,” 
their joins have a “ pant at infinity ” in common; in every 
case, therefore, the joips are concurrent or parallel. 

[Prop. 3, p. 8. 


If one of the joins becomes a “ straight line at infinity,”•« 
the other two “ cut at inanity ” and are parallel. 

[Prop. 3, p. 8. 

If two of the joins become “ straight lines at infinity,” 
they must coincide by the scholium above, and therefore all 
three joins coincide at infinity, and the three planes are each 
of them parallel to the other two. [Prop. 4, p. 9. 


Examples n. 

1, If two triangles are such tLat pairs of corresponding 
sides lie respectively in tfeiee distinct planes, the triangles 
are in perspective. * 

. e 

* 2. Two triangles? not co-planar, which have pairs of corre; 
sponding ^ides, either parallel or cutting in collinear points[ 
are in perspective. 

• 

3. Any two triangles which have pairs of corresponding 
sides parallel or cutting in three collinear points are in 
perspective. (To be deduced from Ex. 2.) 

4. If two tetrahedrons are in perspective, the six pairs of ; 
corresponding edges are parallel or cut in co-planar points, 
and the . four pairs of corresponding planes are parallel pat¬ 
ent in o^planar straight lines. 
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Express the following statements (5-10) in term# of parallel 
straight lines and planer instead of in terms of “ points at 
infinity.” J ustify the original statement (in terms of “ points 
at infinity ”) if necessary. 

• 

5. If two planes hare a “straight lino at infinity” in 
common, any straightl|ne which cuts one plane “at infinity” 
cuts the qjtier “ at infinity ” also, or is contained in it. 

6. If two straight lines cut “at infinity,” any plane which 

contains one or cuts it “at infinity” cuts the other “at 
infinity” also or contains it. , 

7. If a straight line cut*each of two planes “ at infinity," 
St cuts their common join “ at infinity.” 

8. If two intersecting straight linSs each cut a given plane 
“at infinity,” the plane containing them also cuts it “at 
infinity.” 

9. If two intersecting # straight lines p, q respectively cut 

“at infinity ” two other intersecting straight lines p', q', the 
planes pq, p'q' cut “at infinity.” , 

10. If two straight lines each cut “at infinity” a third 
straight line, they cut one another “ at infinity.” 

11. If <*, /3, y, 8 be four planes which have no common 
point, even at infinity, the joins and are skew. 



CHAPTER II 

GENERAL METRICAL .THEOREMS 

14. The Angle'between Two Straight Lines. 

The conceptions expfussed in the postulates of the pre¬ 
ceding chapter admit, of remarkable developments, which 
form the subject of Projective Geometry; but, al the same 
time, taken alone, they include but a small fraction of the 
facts connected with spau'J which Geometry sets out txf 
classify. * 

Other conceptions necessary to make a complete scheme * 
are those involved in the fact that it is possible to compare 
solid bodies, regarded as rigid, by bringing them together 
and placing them side by side. • 

The final postulate thus required is statod below in a form 
ready for immediate application. 

Post. 7. A geometrical figure may be conceived to change 
its position in spaco without, alteration of any of its geometri¬ 
cal properties; in particular,,if*a denote any plane of the 
figure, a any straight line jn the plane, A any point in the 
straight line, and b, I? denote any other plane, straight 
i line, and point similarly related to one another, the figure 
can be movjd so that o, a, A will become coincident with 
/3, b, B respectively. 

Scholium 1 The position of a geometrical figure is fixed 
when the positions of threo of its points ate known. 

Def., , Two geometrical figures are cosgruent when they 
caniie made coincident by Superposition. 

In plqpe geometry it is now*usual to distinguish between congruent 
figures and equal figures, the latter being taken to mean that the 
figures are of equal area, but not necessarily of the same shapes At 

* A. N. Whitehead, The Axioms of Descriptive Geometry. CambriiUre. 
1907. 
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the same time the word equal is not explicitly defined, but is left to be 
understood from the following axioms• 

Things which arc equal teethe same thing are equal to one another. 

If equals bo added to equals, the wholes arewqual. 

If equals be taken from equals, the remainders are equal. 

Things which are halves of,the same thing, or of equal tilings, are 
equal to one another. 

A more concise method is indicated by the observation that tho 
various geometrical magiSit,titles described as equal, lengths, angles, 
areas, eanJv completely specified by a single numeiical measure. 

Def. Geometi'tcal magnitudes are equal when their nume¬ 
rical measures in terms of the same uyit are the same. 

In tho jase of lengths of straight lilies, and magnitudes of 
angles, equality denotes congruence. 

» Equality is denoted by the sign “ = 

* Prop, 10. If each of two fhtersecting straight lines is 
parallel to one of two other intersecting straight lines, 
the angles made by the first pair are respectively con¬ 
gruent with those made by the second pair. (Fig. 11, p. 24.) 

Let AB, AC bo the first pair of lines, and let the second 
pair DE, DF be parallefto AB, AC respectively, and in the 
same direction.■{■ 

Then aro the angles BAC, EDF to be proved equal. 
Choose E, F so that DE —AB, DF = AC. • 

Because AB, DE aro tqyal, parallel, ahd in the same 
direction, ABED is a parallelogram, [Euc. i. 33. 

And therefore AD, BE are eqifal, parallel, and in the samo 
direction, • « [Euc. i. 34., 

• Similarly AD, CF are equal, parallel, anJ in the same 
^direction, , , 

And therefore 1 PE, CF are equal, parallel, anci in the same 
direction. [Prop. 7, p, 12. 

Hence BC, EF are equal; [Euc.,i 33, 34. 

Therefore the triangles ABC, QEF are congruent; » 

[Euc. i. 8. 

JChat is, the angles BAC, EDF are equal. 

■ - * * Euo. xi. 10. __ 

‘ t Parallel straight lineB AB, DE aro drawn in the same direction 
when tl|py He on the same side of AD. 
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The proposition just proved enables us to give the following 
definition rtf the angle between two skew straight lines:— 

• 

Def. 1. The angle between two skew straight lines is the 
angle, between two intersecting straight lines to which they 
are respectively parallel. ' 

It is sometimes convenient to speak of parallel straight 
lines as all having the same direction, because this is a 
reminder that the angle between any twp stiaijffit lines is 
equal to the angle between any pair of lines to which thoy 
are respectively purallM. 



Fig. 11. 


* • 

Def. 2. Two skew straight Tines aro perpendicular when 
the angles between them uf*t right angles. 

«■ 

« 15. The Normal to a Plane. / 

« 

Def. 3. «A straight line is norqial to a plane when it is ( 
perpendiculat to all lines in that piano; any straight line 
which cats a plane and is not normal to it is oblique to it. 

* PkoV. 11. A straight line is normal to a plane if it is 
perpAdicular to each of two intersecting straight lines in 
that plane. 

Let the line DG meet the given plane a in A. 

* Euc. xi. 4. 
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• 

J^et AB, AC be straight lines parallel ti> the two given 
lines; tliey aro therefore perpendicular to DG. 

* . [I’rap. 10, p. -3. 

It is to be piuved that DG is perpendicular to any other 
straight line in a. * 

Let AE be parallel t<*any othor straight line in the plane, 
and let sur’c straight lino through E out AB, AC in B, C 
respectively. Chouse G so that DA-AG. 



Fm. 12 . 


The triangles DAB, GAB art congruent, [Euc. i 4. 
and therefore BD^ BG. 

Similarly*,CD = CG. [Euc. i. 4.. 

Therefore the triangles BCD, BCG are congruent, 

• " [Euc. i. 8. 

and therefore also £D= EG by superposition. 

Hence the triangles DAE, GAE are congruent, [Efil. i. 8. 
and therefore DAE = GAE. • 

Hyice DG is perpendicular to AE and to the line to which 
A6 is parallel. That is, DG is perpendicular to any straight 
line in a and is therefore normal to o. 
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* Prop# 12. Through any point there is only one ifiane 
normal to a given straight line, and only one straight line 
normal to a given fllane. 

(i) For suppose that two plajies through a point A were 
to cut a given straight line to which they were both normal 
in points B, B'. # 

The straight linos AB, AB' would each be p4fc.pt-ml ioular 
to the given line BB 7 , and 
this is impossible. 

[Dei. 3,p. 21; Euc.i. 16. 

» (ii) Again, suppose two 
straight lines 111 rough A 
wore to cut a given plane 
to which the) were both 
normal in points B, B'. 

As before, A B, A B' would 
t'acli he poipcndieular to 
B B'; which is impossible. « 
[Dof. 3, p. 24; Euc. i. 1G. 

IT^nce through a given point there is only ono plane 
normal to a iyven straight lin^j, and only one straight line 
normal to a given plane. • 

Scholium (a): f JJhe shortest distance of a point from a given 
plane is along the iv)rmal to the plane from the goint. 

^ •’ [Def. 3, p. 24; Euc. i. 16, 19. 

• DBf. *T]ie distance of a point from a piano means tjjie 
shortest distance of the point from the j^hine. 

Scholium (b): The locus of points equidistant from two 
given 'points is tho plane which bisects tbo straight line 
joining them and is normal to it. [Euc. i. 8; Prop. 12. 

| Scholium (c): Planes normal to the same straight line 
are parallel. [Prop. 12, and Method of Exhaus^jflp. 

* Includes Euc. xi. 13. t Euc. xi. 14. 
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**Prof. 13. Straight lines normal to the same, plane are 
parallel. 

Lot a, b ho two noimals to a piano a. 

If through A, iuiy point* in a, a straight line he drawn 
parallel to b, it also will bo normal to the plane. 

[Ilef. 3, ]). lit; l*iop. 10, p. 23. 

But through any point A there is only one line a normal 
to o. , [Prop. 12. 

Therefore the parallel to b through A is a ; that is, a and 
b aro parallel. , 

* Scholium (a): A straight line, perpendicular to each of 
two non-parallel straight linos is in it definite direction. 

[ I ’rop. 11, p. 24; Prop. 13. 

Scholium (b): A straight line perpendicular to a given 
straight line is not fixed in direction, hut is parallel to all 
planes normal to the give ft line. [Method of Exhaustion. 

Def. 1. The orthogonal projection of a p(jint on a plane is 
the point in which the normal through it cuts the plane. 

Scholium (r): The orthogonal projection of,a straight line 
is a straight lino or a point. • 

Tor it is the join of two plane's, or <^f a plane and the 

straight lino. • [Prop. 13. 

■ 

’ Def. 2. The orthogonal projection ot a point «n a straight 
line is the foot of the perpendicular drawn throu^h<the point 
and cutting the straight line. 

Examples III. 

1. If a straight line be rotated about a co planar axis from 
a position AB into a position A'B', the two straight lines 
A.R, A'B' are co-planar. 


Kuc. xi. 6. 
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2. If ope of two skew straight lines is turned about* the 
other from a position AB into a position A'B', the two lines 
AB, A'B' are skewf unless AB is perpendicular to the axis. 

3. Tile extmnitios of one diagonal of a parallelogram 
aro equidistant from any plan! which contains tho other 
diagonal. 

4. If two plane figures are in perspective, the^remain so 
when either is turned about their common join as axis. 

5. ABC is a triangle and O is a point outside its plane. 

If OD be the normal from O on the plane and OE the 
perpendicular on A$, show that DE is perpendicular to 
AB. If D bo the orthocontre of 'ABC, show that the normal 
from B on the plane OAC,meets OD. ' 

6. If a plane figure be rotated about any axis lying in its 
own pin ne from one position ABC ... to another A'B'C'. . ., 
either of these figures may be regarded as a parallel pro¬ 
jection (not orthogonal) of the other. 

7. There is in goneral passing thfough any point in a given 
plane one and only one straight line lying in that plane and 
perpendicular to a given straight line. What is the exceptional 
case!*. 

8. If two straight lines drawnefrom a point to a plane are 
equal, they make equal angles with the normal to the plane, 
and meet tho plane in pomts equidistant from the orthogonal 
projection on it of tijp given point. 

9. Of twopmequal straight lines drawn from a point to a 
plane, the greater makes the greater angle with the normal 
to the plaife through -the point, and meets the plane in 8 . 
point at a greater distance from the orthogonal projection of 
the gi^en point on tho plane. 

19. Planes through A, B normal to OA, OB respectively 
meet ip the line CD, where D is in the plane AOB; prove 
that C D is perpendicular to both B D and BA. ^ 

11. On every straight line, not parallel to a certain plane, , 
there is one point and only one point equidistant from two 
given points. 
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> , 

12. If AC, BD are two skew stiniglit lines equal in length, 

and*E, F are the centres of AB, CD respectively, EF is loss 
than AC. • 

• 

13. The orthogonal projections of two perpendicular 
straight lines on a plane parallel to ono of them are at right 
angles. 

14. The trace of one j%me upon another is perpendicular 
to the orthogonal projection of the nornyil to the first plane 
on the second. 

15. If planes be drawn through a given straight line, tbo 
locus of the’orthogonal projections on them of a given point 

in a circle. * 

* 

18. If AC, BD are two skew’straight lines, and points 
P, Q are taken on them respectively so that AP, BQ are 
equal, then PQ is parallel to a fixed piano. 

17. The locus of points lying in a given plane such thattho 
dilferenco of tho squares -of their distances from two fixed 

joints (outside the plane) is constant is a straight line perpen¬ 
dicular to the straight line joining the two given points. 

18. In every plane, not parallel to a certain straight dine, 
there is one point and only cite equidistant from the vertices 
of a given triangle. 

19. The orthogonal projection of a righJ angle is obtuse if 
the plane of ptojection meets both or hgither of its arms,, 
without thesi lines having to be produced backwards ; if one 
of those lines must be prodyced backwards to meet 4io plane 
aBd the other need not, tho projection of the right angle is 
an acute angle. 

20. If the orthogonal projection of a light angle is h, right 
angle, the piano of projection is parallel to one of its arms. 

I 

21 # If tho algebraic sum of the distances from two given 
planes be the same for two points A and B it is constant for 
all points in the straight line AB. 
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22. If tho algebraic sum of the distances from two fixed 
[ilanes is'tho same for each of three points A, B, C it is 
constant for all points in l.lirir piano, 

23. Assuming that if the mini of tho distances from two 
fixed straight lilies of a, point 1\ir.g in their piano be constant, 
the locus of this point is a straight lino equally inclined to the 
given lines, deduce that, if the sum of the distances of a point 
from two fixed planes be constant, its locus is a plane equally 
inclined to the two fixed planes and paral'el to thoir join. 

24. If three straight lines, a, b, 0, are parallel to a plane, 
and three straight lines diawn in any given direction cut b 
and c, c and a, a and b respectively, the greatest of them is 
equal to tho sum of the other two. 


16. The Shortest Distance between Two Skew 
Straight Lines. 

Def. The slimiest distance between two skew straight 
lines is tho length of tho shortest, lino joining them. , 


Prop. 14. There is one and only one straight line cutting 
at right angles each of two given skew straight lines, and its 
length is the shortest distance hptween them. 

1. Let AB, CD ho two skew straight lines and let CE bo 
parallel to AB. l.et, A' l?e the orthogonal projection of A’on 
the plane CED and.lot A’B' bo parallel to AB. 

A'B' is tWcroforo parallel to CE, [Prop. 7, p. 12. 

And therefore lies in tho plane CED. r [Def. 2, p. V. 


Hence CD cuts A'B' in some point, H'. [Post. 3, p. 4. 
A’B’ also lies in the plane ABA', [Def. 2, p. 7. 


And is therefore the projection of AB on plane CED. 

[Prop. 9, 17. 


Thus H’ is the projection of somo point H in AB. 
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HH' therefore cuts AB, CD at right angles. 

[Def. 1, p. 27; Dof. 3, p. 24. 

If any other straight line KK' coultl evt AB, CD at right 
angles, it would he parallel to HH' and the lines AB, CD 
would bo co-plauiir. 

[Prop. 11, p. 21; Prop. 13, p. 27. 

Hence HH' .always hxists, .md is the only straight line 
cutting aB and CD at right angles. 

[Post. 3, p. 4. 



loo. 14. 


•2. Let A, C bo any two points one on each of the given 
lines. 

• The triangle AA’C is thus right-angloiTat A'; 

[T)ef. 3, p. 24. 

Thus AA' is less than AC. [Hue. i. 10, 19. 

But AA', H H' bein" normals, are parallel [I J rop. 13, p. 27. 

Anil AB, A'B' aro also parallel, therefore A A' - HH’. 1 

[ Eu *, i 34. 

itius HH' is less than any other line joining the given 
lines, and its length is the shortest distance between them. 
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J7. The Angle between Two Planes. 

So far geometrical magnitudes have been compared by a 
single superposition. The introduction of the idea of ratio 
involvos comparison by an unlimited number of super¬ 
positions if tho ratio bo incommensurable, and in any case 
implies arithmetical representation. 

Wo shall take it for granted that all ration whether 
commensurable or incommensurable, obey the same laws. 

Def. 1, Two half-Blancs, each bounded by a straight line 
which forms their ecu men edge, make two dihedral angles; 



Fin. 15. 


their magnitudes being determined by the respective fractions 
of a complete revolution necessary to move one half-plane 
from its own position into that of the other by the two alter¬ 
native routes. " 

i As tho half-plaivi' 1 rotates, the normal to it through any 
point of the hxis of rotation rotates in a plane normal to the 
axis and feturns to its original portion when the plane does,, 

Scholium : The magnitude of the dihedfal angle may there¬ 
fore be denoted by the same measure as the plane angle 
betweeri the two corresponding positions of the normal, or 
by that of the plane anglo between the two positions of a line 
in the 'plane, perpendicular to the axis of the dihedral angle. 

Def. 2. Two planes are perpendicular when the angles 
made by them are four right dihedral angles. 
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•Jrop. 15. The statements 

(i) two planes are perpendicular 

(ii) a straight line of one plane is nirmal to the other, 
are equivalent. 

Let the two pianos a, (3 cut in AB, and let BAC, BAD be 
right angles in the plane* a, /? respectively. 

Statement (i) of* the enunciation mdkes CAD a right 
angle. • [Dof, 2, Sch. p. 32. 


Statemeut«(ii) makes a normal to J3 li<j in a. 



Fi<^ 16. 


But this normal must be perpemljcular to AB, and there¬ 
fore parallel to AC. 

Hence, ag.ti p, the angle CAD is a right angle. 

[Deli. 3, p. 24. 

The two statement; are therefore equivalent. 

4 Scholium : The join of two planes, each perpendicular 
to a third plane, is normal to that plane. 

For the normal to that plane, through any point conlmon 
to tb^ first two, lies in each of them and is therefore their 
join. 

• * Euc. xi. 18. t Euc. xi. 19. 

C 
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18. The Angle between a Straight Line 
and a Plane. 


Def. The angle between a straight line and a plane is tb 
angle between the straight line and its orthogonal projectio 
upon that plane. 

C 

Pbop. 16. The measure of the acute dihedral angle bet wee 
two planes is that'of the greatest acute angle which an 
straight line in one plane makes with the other plane. 



Let B be the projectitfn on a plane f) of any point A i 
another plane a. ' Let the perpendicular from A to the joi 
(a{3) meet it in C, ‘and let 6 be any other point in (a/8). 

Since Cb is perpendicular to AC, AB it is normal to th 
ne ABC, and is therefore perpendicular to CB. '"ffi 

i measure of the acute dihedral angle (a/3) is the sain 
jb of the plane angle AC B. 4 

| ;klso, ADB is the angle whioh AD, any straight 
A, makes with the plane ft. 


^', It is required to show that ACB is the greatest^ 
' ‘ * 'i ADB can assume. 
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■gJfcP " f°y Position other than C, the triangle DCB is 
right-angled at C, and therefore BD is greater than'BC. 

['Euc. i. 19. 

IIjS-u 80 ' b , 6 P, art °/ BD T al t0 BC - the triangles ABC. 

ABD being both right-angle* and therefore congruent. 

[Euc. i. 

|L Bu J tte *PS le AD'B is'exterior to the triangle AD'D and 
therefore the angles .4CB, AD'B are each greater than the 
angle ADB; 

i T^at is, A(JB is the greatest angle whi^h any straight line 

® ma . kes ^ ltl * P< and the ujeasure of ACB is that of the 
diljedral angle (up). 

*• 

Examples IV. • 

V 1. Ole projection of any segment of a straight line on any 
plane to which it is parallel is of the same length as and 
parallel to the given segment. 

* 2 - Th ® Projections of segments of a straight line hare to 
one another the same ratio as these segments. • 

a ' ^ wo dihedr fl angles which have their edges parallel 
t “.. fac “ of ortiior respectively perpendfbular to the 
races of the other, are equal or supplementary. 

rJ: ®‘® loou ® of Poi 11 ^ equidistant from two planes is the’ 
of l'lane* bisecting the angles betweeffthem. 

g 6 - Wh ® n a straight line is parallel to a plane tfie shortest - 
amtanoe between it and any straight line to which it is not '< 
g«$Uel lying in that«plane is Constant. 

?5?®. f° 0u . 8 °f points equidistant from two interesting l 
Weight lines is a pair of perpendicular planes, each of whi* 

" eoually inclined to the given straight lines. , ' : r 

I, a plane is equally inclined to two straight lines hi 
fj° one of tlle straight lines bisecting the an»l«i.-| 
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8. Three parallel planes divide all straight Tines whicji cut 
them in Che same ratio. 

t 

9. If a straight line be equally inclined to the sides of a 
dihedral angle, its traces on those planes are equidistant 
from their join and conversely. ' 

10. If in a tetrahedron three intersecting edges are 
mutually perpendicular, the orthogonal projection of any 
edge upon the opposite edge is a point. 

11. Assuming that the locus of points P lying in a plane 
AOB, such that the sum of the projections of OP on OA 
and O B is constant, is a straight line, the loctis of all such 
points P in space is a plane perpendicular to the given plane. 

12. A, B are the projections of a point P on two perpendi¬ 
cular planes; if the perpendicular distances of A, B from the 
join of these planes bo given, give a plane construction of 
the perpendicular distance of P from this line. 

13. The traces of a straight line on perpendicular planes 
are A and B j given the lengths of the perpendiculars A^, 
BB’ drawn to Jhe join of these planes and the distance A B , 
give plane constructions for the angles which AB makes with 
the perpendicular planes, and with A'B'. 

14. Give a plane construction for the projections on two 

perpendicular planes of #. straight line which makes given 
angles with them, and r which passes through a point' the 
projections of which are known. . t 

16. Givfc a plane construction to find the inclination of a 
segment of a straight line to tjie join of two perpendicular 
planes, knowing the lengths of its prpjections on the two 
planes and the inclination of one projection to their join, 

lfi; Given the orthogonal projections of a point P on two 
planes at right angles and A, B the traces on these planes of 
a straight line, find a plane geometrical construction for the 
perpendicular distance of the given point from the, given 
straight line. (Construct a triangle with sides equal to those c 
pf PAB.) 
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It The locua of straight lilies equally inclined to two 
intersecting straight lines, and passing through their common 
point, is a pair of planes perpendicular to the plane contain¬ 
ing them, 

18. A straight line which ft equally inclined to three inter¬ 
secting straight lines in a plane is normal to that plane. 

19. All straight lines equally inclined to two given planes 
are parallel to one op other of two fixed planes. 

20. If two straight lines in one plane he equally inclined 
to another ^lane, they are equally inclined to the join of 
those planes. 

Ji'. If AA', BB', CC', DD' are parallel edges of a parallele¬ 
piped, the shortest distance betAftcn AC and B'D' is not 
greater than that between AC and A'C'. 

22. The locus of points dividing in a given ratio any 
straight lino which joins two parallel planes is a parallel 
plane. 

• 23. The locus of points dividing in a given ratio any 
straight line which joins two skew straight lines is a plane 
parallel to both. 

24. If two skew straight Jin os AB, CD *0 joined by 
straight lines AC, BD, which are bisected at P, Q respec¬ 
tively, all straight lines which joift Jibe two given lines and 
cut PQ are bisected by it. 

• 

25. Through any given point either twft straijjht linos or 

none can be drawn to meet a given circle, and ji given 
stmight line not in the safhe plane with it. What excep¬ 
tional cases occur ? * ' 

26. The locus of points which divide in a given ratio all 

straight lines parallel to a given plane which join two giv$n 
skew straight lines is a straight line. . 

27 r If any solid figure is rotated about an axis, from a posi¬ 
tion denoted by ABC ... to that denoted by A'B'C' . . 
the lines A A', BB', CC' are all parallel to a certain plane. 
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28. A segment of a si might lino may bo moved fi onj any 
one position, AB 1 o any other, A'B' by a rotation about an 
axis which is perpendicular to bofb AA' and BB'. 

29. * A solid figure moving with one point fi\ed at 0 can 
bo moved from anv one. position to any other by a rotation 
about an axis passing through 0. 

30. f A solid figure can be reino'.e«l from any one position 
to any other, either bv rotations about two successive axes or 
by a pure translation J and a iota I ion. ' 

31. Every line whose orthogonal projections on two inter¬ 
secting planes are both straight lines is a straight lino. 

32. If P, Q, R, S are four‘points, one on each of four 
parallel edges of a pav.iUeJ,'-piped, what is the condition that 
they should he m-plaurr if they cut oil' from the edges lengths 
a, b, C, d respectively ? 

33. On either of two skew straight lines there are two 
points at, a gi\en distance Imm the other line, provided that 
this distance exceeds the shortest distance between them. 

34. Given the projection b\ parallel lines of a skew quadri¬ 
lateral ABCd on a plane parallel to AB and CD, lind a 
plaue cou.nI ruction for 1 lie length and dilection of a straight 
line which is parallel to the same plane, and which divides 
AD, BC in a given ratio. 

3D. If in the .preceding question A B C D' is the projec¬ 
tion of the, skew yjuadi ilateral A BCD and D'AB'P is a 
paralMogram, th length and direction of the'shortest line 
which is parallel to the plane of projection and which joins 
AD and BC, is equal to that of the perpendicular drawn from 
D to C'P. 

36. Joining any two skew straight lines there can be 
drawh two, and only two, straight Hues parallel to a given 
pVano and of given length, provided that this length exceeds 
a contain value. 

* Euler, 1750. t Chasles, 18,'JO. 

X A pure translation is such that the displacement of any one point 
of the figure is equal and parallel to that of any oilier. 
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S II P P L K M E N T. 

19. Symmetry. 

Def. Two points ore symmetrical with respect to a given 
centre, when that, centre bisects the straight hue which joins 
them; either' point^is the symmetric po'tit of the other with 
respect to the given point.. 

Def. Twp points are symmetrical wj,th respect to a given 
axis, when that, axis hisecis the straight hue which Jems 
th'm ami is perpendicular to it; either point is the symmetric 
pi,int, of t.lie other witli respect Ilie given straight, line. 

Def. Two points aro symmetricarwith respect to a given 
plane, when that plane bisects the straight, line which joins 
them and is normal to it; either point, is the symmetric 
point of the oilier with respect to the given plane. 

• 

Def. Two figures are symmetrical with respect to a given 
centre, axis, or plane, when corresponding prints are swnmo- 
trical; and one iigure is the symmeli ie figure of the other 
with respect to that centre, axis, or plane. * 

Def. A figure is symmetrical with icspect to a given 
centre, axis, or plane, when it c*ipcides with its symmetric 
figure. 

Drop. 17. Two figures symmetrical with rApect to an 
Vis are congruent. (Seo.h'ig. 18 , p. 10 .) _ • 

Lot AA', BB', CC', he pairs of points .symmetrical with 
respect to an axis 1, which bisects AA', BB', CC' in A", B", 
C" respectively. If, with 1 as axis of rotation, the points 
A, B, C be rotated tl irough hall a complete revolution } A," A, 
B"B . . . will coincide with A"A', B"B' . . . respectively. 

tfhe two figures ABC . . , A'B'C' ... are therefore 
congruent. 
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Pnov. 18. T^o figures symmetrical with respect to a 
centre can he -placed so as to be symmetrical with respect 
to a plane, and conversely. 

Let 1 be any straight line through O the centre of 
symmetry, and lot a be the piano through O normal to 1. 

Suppose the figure AiB'C' . . ., tho symmetric figure "with 
respect fo O of tho figure ABC . . ., to bo rotated about 
1 as axis through half a complete revolution into a position 
A"B"C" . . . Then OA" lies in tho plane containing 1 and 
OA, and OA, OA" are equally inclined to 1. Ilonco AA" is 

parallel to f and is therefore normal to a and bisected by it. 

• 

• Conversely, if ABC . . . , A''B"C" . . . are symmetrical 
with respect to a plane, and any popit O be taken in it and 
the figure A"B"C" . . . rotated through half a complete 
revolution about the line 1 through O normal to a into a 
position A'B'C' . , ., this figure is tho image of ABC . . . 
with respect to the centre O- 

Scholium (a): Two figures which are sy mmetrieal with 
respect to a centre or plane have their corresponding straight 
lines, plane angles, and dihedral angles equal. 

For corresponding straightjincs are equaf in tho case of 
symmetry with respect to a centre, from Hue. i. 4. 

Hence follqws the equality of the 'angles, plane and 
dihedral, from Euc. i. 8 and superposition. 

The extension to symmetry with respect to a pliwo follows 
from the preceding proposition. . 

Scholium (ft): Symmetric figures of a given figure with 
respect to parallel planes are congruent. 

For one figure may he superposed on the other by a 
unjform displacement of every point of amount equal to 
twice the shortest distance between tho two planes in the 
direction normal to them both. 
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Scholium : Symmetric figures of a given figure with respect 
to two centres or planes are congruent. 

i 

Case i., of two centres, is reduced to Rch. (i), p. 41, if the given 
figure is moved through half a complete revolution about the straight 
line joining the two centres as axis. 

Case ii., of a centre and a plane,’ is reduced to Sch. (b) if one 
figure is moved through half a complete revolution about the straight 
line through the cent re normal to the plan^ as axis. 

Case iii., of two intersecting planes, is reduced to Casg ii. if one 
figure is moved through half a complete revolution about an axis 
normal to one of the planes. * 


* Examples V. 

1. If a pair of planes or straight lines is symmetrical with 
respect to an external centi'e, the planes or straight lines are 
parallel. 

2. Any pair of straight lines is in general symmetrical with 
respect to one centre only, except in one special case when 
the number of centres is infinite. , 

3. A pair of planes is symmetrical with respect to an 
infinite system of points; what special case arises ? 

4. 'Two skew straight lines are symmetrical with respect 
to an axis, which bisects at u^.it angles the shortest line 
joining them, and is equally, inclined to them. 

• 

5. Any pair,of straight lines is symmetrical with respect 
ho eithor , of two Q?hcr straight lines which cift at right 
angles. * 

4 

6. If a pair of planes is symmetrical with respect to aii 
axis which cuts either, tho pianos cut in a straight line which 
meets the axis at right angles, or coincides with it; or the 
planes‘rtiust be parallel to one another and to the axis of 
synftnotry. 

7. Two straight lines which are symmetrical with respect 
to a plane make equal angles witli it, and lie in a plane per¬ 
pendicular to it. 
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% 8. Any two co-planar straight lines *aro, in general, sym¬ 
metrical with respect to either of two definite planes; but in 
one special case an infinite number of such planer of syminotry 
exist. • 

9. Tf a plane is equally inclined to two straight lines, it 
is parallel to one of the straight linos bisecting tlio angles 
between them. 

10. Jf parallelepiped can be uniquely divided into two 

symmetric parts*by a plane passing' through any given 
straight lino. , 

11. No Jlgure which has two centres of symmetry can 
consist of a limited number of points; any such figure is 

.made up of points lying in pairs of parallel straight lines. 

12. Any figure which has two'paj'allel planes of symmetry 
must consist of points lying in straight lines normal to those 
pianos. 

13. No figure, which has two planes of symmetry not 

inclined at sumo commensurable fraction of a complete 
revolution, can consist of a limited number of points; any 
such figure must consist of points lying in.civcles in parallel 
planes, and possesses an unlimited number of co-axial planes 
of symmetry. ’ 

14. If a figuro has a pfafio of symmetry, and an axis of 
symmetry oblique to this piano,<it is made up of points lying 
in pairs of eqiual parallel circles. 

. 15. If a figuro has in all n planes of nymmetry vsiijfh liaYo 

a common join, to every point there correspond ^2n - 1) other 
^points, and the common jjoin is an axis of symmetry when 
n is an even number. • 

16. If a figure has a centre and a piano of symmetry, the 
normal to the piano drawn through the centre is an axis of 
symmetry. 

17. If the angle BAC is bisected by AD, and any straight 
lme PAQ is drawn perpendicular to AD, the angles BAP, 
CAQ are equal. 
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18. A, B are two |fuiiivo ou oiio eiiuiu muc ui a plane a, a^id 

A', B' are ,J their symmetrical points with respect to this 
plane; if P'is any point of the plane a, the sum of the 
distances AP, PB is' least for the point in which AB', A'B 
meet the plane. , 

19. A, B are two points on opposite sides of a plane o, and 
A', B' are symmetrical points with ■ respect to this plane; 
if P is any point of the plane a, the difference of'the dis¬ 
tances AP, PB is greatest for the point in which AB', A'B 
meet the plane. 

20. If a system of points has two intersecting a«es of sym¬ 
metry, corresponding sets of points lie on concentric spheres. 

21. With any six unequal straight linos as edges, any 
three of which can be used to form a triangle, two sets of 
different tetrahedrons, fifteen in each set, can be constructed, 
and one set contains the symmetric figures of the other set. 



CHAPTER III 

POLYfl EDRA , 

20. Trihedral Angles. Face Angles. 

• • 

Def. Throe or more phyio angles AOB, BOC, COD . . . 
fleeting successively along OB, OC . . . OA, form a solid 
angle at 0; the point O is the vertex, the straight lines 
OA, OB, OC . . . are the edges, anti the angles AOB, BOC, 
COA ... are the face angles or sides. 



• • 

Def. A solid angle which has three face angles is a 
trihedral angle; one with four, five ... is tetrahedral, 
pentahedral, ... or, in all cases, simply polyhedral. , 

# 

Def. A solid angle is convex if a plane can be drawn 
japtting its faces in a convex polygon. All other solid angles 
are reflex. 
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As a plana can be drawn cutting the faces of a conv,ox 
trihedral angle in a triangle, each of its face angles must bo 
less than two right, angles (Hue, i.' 17), and conversely any 
trihedral angle, the'face angles of which are each loss than 
two right angles, is a convex solid angle. A figure of a 
reflex trihedral angle is given below. 



Scholium: A trihedral angle is convex if each of its face 
angles is less than two right angles.' 

In what follows only convex solid angles will be con¬ 
sidered, 

♦Prop. 19. in a convex tidfedral angle any two face 
angles are together greater than the third. 

The proposition onlv requires proof when this third face 
aag'" i^i'i'cater than,either of tlio other two. 

Let O, f BC be a trihedral solid anglo and let COA be 
greater than either AOB or BOC. ’ 

From AOC let OD cut olf an anglo AOD equal to AOB 
and let'OD = OB. Let. any straight lino through D meet 
OA,<OC in A, C respectively. 

The triangles OAB, OAD arc congruent, [Euc. i. 4. 
and therefore AB - AD. 


* Kuc. \i. 20, 
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» 

Unt the sum of AB, BC is greater than the sum of 
AO, DC ; p'hic. i. 20. 

ami therefore BC is greater than DC. 

I 

In the triangles OBC, ODC 

OB = OD, OC is common ami BC is gr eater than DC. 


B* 



Therefore BOC is greater than COD. * [Tluc. i. 25. 

Hence the sum of AOB, BOC is greater than tho stim of 
DAO, DOC, that is, than AQC. ' 


21. The Congruence of Solic> Angles. 

• * \% * 

. Def. Let> O, ABC ... be any solid angle^ ■LWi 

edges be produced backwards to form another solid angle 
®, A'B'C' . . .; any sol’#l angle wliicli is congruent with 
ono of these is symmetric * *to the other. 

The supplement at the end of the preceding chapter deals with the 
question of .Symmetry (§ 10, p. 39). In particular, symmt^y with 
respect to a plane is shown to imply symmetry with respect to a cintre 
(Prop. 18, p. 41), and such symmcl ric figures of a given figure aje shflwn 
bo be congruent (Sch. p. 42). The above definition of symmetric solid 
is therefore in accordance with previous statements. 

* Legendre (1772 -1833). Elements de Uiomctrie. Paris, 1704. 
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Scholium : The faco angles and dihedral angles of a selid 
angle arc; respectively equal to the corresponding angles 
ot any solid.angle symmetric to it; but if two corresponding 



edges We superposed, the solid angles would lie on opposite 
suffe of the plane containing them. 

Pbop. 20. If two trihedral angles have the three face 
angles of one equal respectively to the three face 4- • 
of the other, they are congruent or symmetric. 
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A opf A'fVR'’ n 0 J B '9,' *i T0 • so,i ' 1 ■ u >K Ira «P<* that, 
AOB = A O B , BOC -- B'Q C', COA -= C'O'A'. 

Let 0A = 0'A',and suppose I,ho plows ABC, A'B'C' 
normal to OA, 0 A respectively. 

The triangles OAB, O'A'B'are congruent; i Kuc i 26 
whence OB = O'B', AB = A'B'. L ' 

SimUarW tho trianglosfaAC, O'A'C' are congruent, 

andOC = 0'C',AC = A'C'. [line. i. 26 



FiO. 21. 


Scnco the triangte OBC, O'B'C' are congruent,. 

gwngBC-B'C'. . [ic.i. 4 . 

Hence also the triangles A&C, A'B’C' are congruent, 
whence BAC = B A'C'. [Euc,i. 8. 

n0W P laced 80 that O'A'B' coincides with 
OAB, BO cither coincides with BC (both hing ir» the 
plane through A normal to OA) or is symmetric to it with 
r«gjpl to the plane OAB. 

The solid angles are therefore congruont or symmetric. 



50 


ELEMENTARY SOLID GEOMETRY 


Scholium (a ): Two trihedral angles are congruent or sym¬ 
metric if they have t.ho following parts of one equal to 
corresponding parts in the other : 

(i) three face angles, [Prop. 20, p. 48. 

(ii) two face angles and their included dihedral angle. 

(Superposition.) s 

(iii) two dihedral angles ami the face angle aMjacent to 

both. (Superposition.) ' 

c 

Two trihedral angles pre also congruent, or symmetric if they have 
three dihedral angles of one oqual to three dihedral* angles of the 
other ; but the proof is best postponed. The proposition is proved in 
the supplement to Chapter IV., dealing with spherical geometrv 
(Sch. (6), p. 97.) 


22. The Prism. 


C' 



Def. A prism is 

it solid bounded 
by two ends whhSi 
are congruent, 
parallel, and simi¬ 
larly situated poly¬ 
gons, joined by 
sides which are 
the quadrilaterals 
formed by joining 
corresponding ver¬ 
tices of the two 
ends. . 

Scholium (A) : 
The lateral edges 
of a prism are all 
equal and parallel, 
and tho lateral 
faces are parallelo¬ 
grams. ‘ ~ 
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(./ 

'Prop. 21. Sections of a prism by parallel jplanes are 

congruent polygons. (See Fig. 25.) 

* / 

Let AA', BB', CC' . . ., tile lateral gdges of a prism, cut 
two parallel planes in points F, G, H . . . and F', G', H'. . . 
respectively. • 

The figure FGG'F' is a parallelogram, [Prop. 3, p. 8. 
and therefore FG = F'G'. [Etic. i. 34. 

Similarly GH -= G'H'; and since FG,»GH are respectively 
parallel to F'G', <?H', [Prop. 3, p. 8. 

we have FGH = F'G'H'. ’ [Prop. 10, p. 23. 

Hence tfje two polygons FGH . . ., F'G'H' . . . have 
their corresponding sides'and angles equal, and are there¬ 
fore congruent. , ( 


Def. A parallelepiped is a prisfh of which the ends as 
well as the sides are 


parallelograms. 

Def. Parallel 
faces of a parallele¬ 
piped are opposite; 
the faces opposite 
to the twofaces con¬ 
taining any edge 
cut in the opposite 
edge; the faces op¬ 
posite to the three 
faces containing 
any vertex cutin the 
opposite vertex; the 
Straight line join¬ 
ing opposite ver* 
tices is a diagonal. 



Fio. 2(1. 


Scholium : The four diagonals of a parallelepiped’are con¬ 
current and bisect one another. t • 

For any two diagonals of a parallelepiped are diagonals of 
tfob parallelogram formed by joining the ends of a pair of 
opposite edges of the parallelepiped. 
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Examples VI. 

1. Through any point of space tfiero passes one, and only 
one, plane which cuts the faces of a tetrahedral angle, pro¬ 
duced if necessary, in a parallelogr am. 

2. If two faco angles of a trihedral solid angle are equal 
the opposite dihedral angles are equal* and conversely. 

3. If any point within a trihedral anglu be joined to the 

vertex, the sum of thp angles which this straight line makes 
with the three edges lies between the sum and half the sum 
of the face angles. * • 

» 

4. If a trihedral angle lias one right dihedral angle, any • 
plane normal to one of iWedgos cuts it in a right-angled 
triangle. 

6 . There are four, and only four, straight lines which 
pass through the vertex of a trihedral angle and are equally 
inclined to its three faces. , . 

6 . Thore are four, and only four, straight lines which pass" 
through the vertex of a trihedral angle and aro equally 
inclined to its three edges. 

7. The three" pianos bisectir^, # tho interior dihodral angles 

of a trihedral angle have a.straight line in common, as also 
the bisectors of »ue interior and the other two exteribr 
angles. • « • . 

8 . In evel-y trihedral angle tho planes drawn through the 

bisector of each face angle perpendicular to that faco hav^ 
a common join. • « 

9. IJrovo that in a trihedral solid angle tho face angle 
apposite" to the greater of two dihodral angles is greater than 
that opposite the less and conversely. 

10. The sum of tho angles formed by the edges of a tri¬ 
hedral angle with the opposite faces is less than the eum v b' , 
its face-angles. 
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U, In evory trihedral angle the plantfe through each edge 
and the bisector of the opposite face angle have h common 
join. * 

12. In every trihedral angle the planes through each edgo 
perpendicular to the opposite face have a common join. 

(Consider their traces on a piano normal to one edge of 
the solid angle.) 

13. If^n each faco of a trihedral angle a straight lino is 
drawn perpendicular to the opposite edge, the three straight 
lines so drawn are parallel to a plane. • 

14. Two prisms are congruent if eithfcr 

(i) one end and two adjacent sides, 

(ii) one end, an adjacent yule, and the dihedral angle 

between them, ’ . 

of one are congruent with the corresponding parts of the 
other and similarly placed. 

15. Classify the various forms assumed by a plane section 
parallelepiped, supposing the plane of the soction always 

to remain parallel to its initial position. 

16. In a rectangular parallelepiped the sum of the squares 

on three intersecting edges is equal to the square on a 
diagonal. ^ ■ 

17. A parallelepiped has a centre of symmetry at tho point 
of intersection of its four diagonals.' •" 

18. A rectangular parallelepiped possesses thj'ee 
three planes, and one centre of symmetry. • 

•19. A parallelepiped if, completely determine? if it is 
known that three f»f its edges lie in three given straight 
lines, no two of which aro co-planar. 

20. In any parallelepiped the sum of the squares on the 
four diagonals is equal to the sum of the squares j>n the 
twelve edges. 

4! 1. The straight line joining the centroids of any two 
sections of a triangular prism is parallel to its lateral edges. 
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22. The four diagonals of a quadrangular prism oar* be 

separated Unto two pairs of mutually bisecting straight lines, 
such that the distance between fhe mid-points of the two 
pairs is equal to tluft between tho mid-points of the diagonals 
of the end face. t 

23. Tho sum of the squares on tho edges of a quadrangular 
prism exceeds the sum of tho squares on the four diagonals 
by eight times the square of the straight line joining the mid¬ 
points of the two pairs of diagonals. # 

23.* The Tetrahedron. 

Def. A tetrahedron is a solid figure bounded by four 
plane faces. , 

Scholium : A tetrahedron has four triangular faces, swr 
edges, each of which is^cofjMauar with all except one of the 
remaining edges, and four vertices. 

Def. Opposite edges of a tetrahedron are edges which do 
not meet. The six edges of a tetrahedron fall into three 
pairs of opposite edges. 

Prop. 22. The four mid-points of two pairs of opposing 
edges of a tetrahedron form the vertices of a parallelogram 
with sides parallel to the two remaining edges. 



Let ABCD be a tetrahedron, and let E, F, G, H belfct 
mid-pointB of'BC, CA, AD, BD respectively. 
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•Because E, F are the mid points of* BC, CA, the lines 
EF, AB are parallel, [Euc. vi. 2. 

and similarly tlio linos GH, AB are parallel, [Euc. vi. 2. 

whence the lines EF, GH ure parallel. [Prop. 7, p. 12. 

In the same way it follows that 

* GF, EH, CD are all parallel, 

that is, EFGH is a parallelogram with its sides parallel to 

AB, CD. 

• • 

Def. The centroid of a triangle is the point common to 
^its three medians ; it divides each in the ratio 1 : 2. 

Def. The straight line joining* ai^y vertex of a tetrahedron 
to tho centroid of the opposite face is a median of tlio tetra¬ 
hedron. 

Prop. 23. The four median lines meet in a point which 
divides each in the ratio'l: 3. (See Fig. 28, p. 56.) 

Let ABCD be a tetrahedron, and let E'be the mid-point" 
of BC. Let F, H divide ED, EA so that EF: FD = 
EH : HA= 1: 2, and let DH, AF cut at G. 

^ ' 

In order to prove the four medians concurrent in G, it is 
sufficient to prove that AF is divided at^p in the ratio 1 :3 
by any one median H D. 

• Join HF. 

In the similar triangle^ EFH, EDA— 

FH:DA= EF:ED =I : 3. [Euc. vi. 2, 4. 
Hence also in the similar triangles HFG, ADG - - * 

FG : GA = FH : DA = 1 : 3. [Euc,vi.\ 4. 

The four medians have therefore a common point G divid¬ 
ing each in the ratio 1:3. 
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Def. Tho centroid of ;i. tetmhedron is tlio point eomiyon 
to the four medians; it divider each in the ratio 1 : ;5. 

Scholium (>/) ■ Tin* emlroid of a tctr.ihcdum bisects each 
of tho straighl lines''joining the mid-points of opposite edges. 

For denoting these lines by p, q, r respectively, any 
one, p sa), is co planar with each of the medians, and 
therefore cuts all four. The medians arc not eo-pl^nar and 



have one coming- point* the centroid G; hence p, q,’r 
all pass through G .* Hut p, q, r bisect one another (Lbop. 
2t; and are therefore bisected by G. 

Scholium ( b ): Any tetrahedron may bo regarded as irv 
scribed within a parallelepiped^ so that pairs of opposite 
edges of the tetrahedron are non-parallel diagonals of 
opposite*faces of the parallelepiped. [See Fig. 29. 

TJhe circumscribed parallelepiped is often of great use in 
proving theorems connected with the tetrahedron. 

Scholium (r): if two pairs of opposite edges of a tetrahedron 
are perpendicular, the third pair is also perpendicular. 
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(JJse either (i) The diagonals of a recUngle are equal, and 
1’ioj, "1', []. 51. 

» 

or (ii) A parallelneram whose diagonals a,ro at. 

light angles is a, rlioinbiis, and Sell. (Ii). 

• 

Def. Ii A, B, C, D are am lour [minis not all in the 
same plane, the straight lines AB, BC, CD. DA are said to 



be the sides, of a skew (or gauche) quadrilateral'A BCD ; AC 
ayd BD are called its diagonals. J 

Scholium : The sides of # a skew quadrilateral, * together 
with the two diagonals, form'the edges of a tetrahedron. 


24. The Pyramid. 

Def. A pyramid is a solid figure bounded by a polygonal 
J*BSe and triangular sides with a common vertex. 
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Prop. ,24. If the sides of a pyramid be cut by a jfiane 
parallel tp its base, the section js a polygon similar to the 
base, and is of dimensions proportional to its distance from 
the vertex. 

• 

Let a pyramid OABCD have a plane section A'B'C'D' 
parallel to its base, and let OH, the normal to the base from 

1,1)8 vertox, ,’neet the 
0 1 sectjon in H'. 

Since, the lines A'B', 
AB are parallel, 

[Prop. 3, p. 8, 

the triangles OA'IP, 
OAB are equiangular, 
[Hue. i. 29. 

and 

A'B': AB--OA': OA. 

[Hue. vi. 4. 
Similarly, ■ • 

O OA':OA = OH':OH, 

that is, 

A'B':AB = OH':OH. 
Similarly, 

. * Fio. ,*0. B'C':'BC-OH':OH, 

• . 

and A'B', B'C' being respectively parallel to AB, BC, 

A'B'C' = ABC, and so also for tl’e olhei angles. 

[Prop. 10, p. 23. 

The polygons A'B'C'D' . . ., ABCD . . . are therefore 
s?milar, and the dimensions of A'B'C'D' . . . are propor¬ 
tional to OH', the distance from the vertox. 
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25. The, Polyhedron. 

* Prop. 25. The sum of the face aifgles of a convex 
polyhedral angle is less thsji four right angles. 

Let any solid angle, vortex O, be cut by a piano in a 
convex polygon A BC D.. » 

Let K loo any point 0 

within the polygon.* 

The sum of the angles 
in the triangles- OAB, 

OBC, OCD ... is , 

to the sum of the 
angles in the triangles 

KAB, KBC, KCD . . . 

[Kue. i. 32. 

But since the solid 
angles at A, B, C . . . , 

iamartll convex trihedral 
angles, [Sell., p. 4(i. 

and the sum of any two 
is greater than the third; 

[Prop. 19, p. 46. 

it follows that the sum 
of the base angles of the Ho. m. • 

triangles OAB, OBC, * , ' ‘ 

OCD ... is greater than the sum of the baso jingles of 
tl» triangles KAB, KBC, KCD . . . 

Hence the sum of the remaining face angles at the vertex 
O is less than the sum of the angles at K, that is. vt less 
than four right angles. , 

Def. A regular solid angle is one which has all it’s face 
angles equal and all its dihedral angles equal. 

^‘ 

* Eac. xi. 21 proves this theorem for a trihedral angle.. 
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Def. A polyheuron is a solid fit'll™ bounded by piane 
faces; ctfhsocutivo faces cut in edges, and consecutive edges 
in vertices of tliu polyhedron. 

Def. A convex polyhedron ds one which lies entirely on 
one side of the plane containing any face. 

' Def. A regular polyhedron is one which has all its faces 
regular and congruent, and all its solid angles regular and 
congruent. 


*Pr1)p. 26. There cannot be more than five regulsft 
convex polyhedra. 

A regular polyhedron is completely determined if m, 
the number of edges meeting in each solid angle, and n, 
the number of edges in each of the faces, are both 
known. ‘ 

The values of m. n are restricted by the fact that the sum 
of the face angles of each solid angle must be less than four 
right angles. ' [Prop. 25. 

Since the lease-value df m is threo, the largest face angle 
allowable is less than 120°. The faces must therefore be 
triangles^ squares, 8r pentagons. 

' • * 

In the first cuso the only possible values of rrt are 3, 4, 5 ; 
in the second and third cases the only possible value of 
m is ,3 

■ f 

There are, therefore, not more than five regular- convex 
polyhedra. 


Enc. xiii., the concluding Scholium. 
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Regular polyhedra can be constructed in each of I ho five ways 
indicated in the last pioposition, Card models may be made by jpld- 
ing the following figures along the dotted lines and placing together 
points marked with the same letter. The small rectangular Haps are 
for gamming the edges together. 

(i) The regular tetrahedron has three equilateral triangles 
meeting at eaoh_vertcx, four faces, and four veitices. 




Fid. 33. 
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Fie. 36. 
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'(iii) The regular icosahedron lias live equil VIoral triangles meet¬ 
ing at. each veil ex, twenty faces, and twelve vertices. 
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Tin* irgnl.ir solids iield an important place in the early development 
of worn cliv (mini' to the imslicul si^mlieanee which was attached to 
them. Iney wire known to Iho P\ i hairoi can school (500 b.c.), and 
wcio lalei assomatod with the name of Plato (420-318 B.C.) by being 
called “ Platonic bodies" The foi him I demoiisl lation of t heir existence, 
l>) dcM’iibmg their a.ei u.tl const t ucVon, is given at i lie end of the last 
book (mu.) ot the Elements oi Euclid (,‘t.iO 275 u 0.). 

• 

f Examples VII. 

+ 

1. There is one parallelepiped circumscribing a given tetra¬ 
hedron ; show how it may bo determined. [Fig. 29, p. 57. 

2. Kvcry parallelepiped has two inscribed tetrahedrons; 
show how when one is given the other may he determined.. 

3. (liven the proj<wti<5n by parallel lines of a tetrahedron, 
determine that of its circumscribed parallelepiped. 

4. Opposite edges of a regular tetrahedron are perpen¬ 
dicular. 

5. If AP is a normal to the face BCD of a regular.J^tra- 
L: 1m, )h ABCD, the length of the normal drawn from P to 
each of the opposite faces is one-third that of AP. 

6. Two tetrahedra are congruent if either 

(i) three faces, 

(ii) two4‘uees and the dihedral angle between them, 

(iii) one face, and three dihedral angles, 

or (i\) one edgi. and four dihedral angles 

of one a*e congruent with the corresponding parts of the 
other, and similarly placed., , 1 v 

7. At each vertex of a. tetrahedron in which opposite edges 
are equal, the sum of the face angles is two right angles. 

8. If a tetrahedron he such that each edge is equal to the 
opposite edge, all the angles of the faces are acute. 

9. Show how to fold a triangular piece of paper so as tp 
form a tBtrahedion in which the opposite edgjes are equal. 
Under what conditions is this possible? 
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10. A tet.rahc<lron is uniquely <letermim*fl when ilio lengths 
of the straight lines joinin'? the mid-points of nppo.sito Qfjges 
and the angles between these three lines .ire known.~ 

11. hliow that the shortest distil nee between two opposite 
edges of a tetrahedron is pel pendieular to either of the 
straight lines joining the midpoints of the other pairs of 
opposite edges. 

• 

12. The six planes which bisect the dijiedr.il angles of a 
tetrahedron meet in .4 point. 

* 13. Iho normals drawn to the laces of a tetrahedron through 

the centres of ...... w-.nnnscribed circles are concurrent. 

• 1^4. The six planes drawn normally through the mid points 
of ’ no edges of a given tetrahedron jneet in one point. 

• 

15. The throe straight linos wliieli join tin 1 mid- points of 
the two pairs of opposite sides, and of the pair of diagonals 
of a skew quadrilateral, bisect, ono another. 

16. If each edge of a totjahedron bo perpendicular to the 
opp„. "to edge, show that: 

(i) The line joining any vertex lo the ortfioeentreof the 

opposite face is normal to that face. 

(ii) The lines drawn froiji the vertieos normal to the 

opposite faces are concurrent. 

• 

li. In a tetrahedron in which opposite ed„^s are perpen- 
dicular, the ijurr of the dihedral angles iieuvmi two faces, 
and the two regies which they make with that e.j*e iVhich * 
cuts both, is two right angles. 

13. In a tetrahedr Ji in \fliirh opposite edges are perpen¬ 
dicular, the sum of the six dihedral angles between the faces, 
and the twelve dihedral angles which the edges makp jvith 
those faces which they out, is twelve right angles. 

19. If in a tetrahedron ABCD the edges AB, CD be* per¬ 
pendicular, show that the normals from A and B to tho faces 
BCD, ACD intersect on the fchortest straight line joining 
AB and CD, • 
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[Hencp, if ail tlie opposite edges of a tetrahedron be per¬ 
pendicular, tho shortest straight ,'ines joining them intersect 
in the same point as the normals from the vertices to the 
opposite faces.J 

20. In a tetrahedron in which opposite edges are perpen¬ 
dicular, the sum of tho squares of each pair of opposite edges 

■si* the same. * 

21. If a plane cbt-s the sides AB, BC, CD, DA of a skew 
quadrilateral ABCP in points P, Q, R, S, then is 

Pfl QB RC SD „ 

PB • QC ‘ RD ‘ SA -- 

% 

22. If a straight line PR divides the opposite sides AB, CD 
of a skew quadrilateral, a,)' that 

PA , RD 
PB ~ RC’ 

PR must intersect or be parallel to any other straight line 
QS which divides BC, DA, so tint 

_ QC SD — . 

QB~*SA‘ 

23. If OA, OB, OC are three mutually perpendicular 
straight lines; and if the perp*ndicular to BC, drawn through 
A, meet the circle in the ,plane ABC on BC as diameter in 
a point P, the* PB = 0,B, PC = OC. 

, 24. Hence, shordTsow a plane may be determined such that 

its section, with three mutually perpendicular straight lines 
OA, OBv OC, may be the vertices of a triangle congruent 
with a given triangle. • , ' s ® 

25. If P, Q are the mid-points of AB, CD opposite edges 
of a‘tetrahedron, and any plane through PQ meets AC, BD 
fer R, S respectively, R, S divide AC, BD respectively in the 
same ratio. 

26. AB is the shortest straight line between AC, BD, also 
AC, BD are of equal lenffths. Show that the shortest 
Straight line joining AB and CD bisects both, 
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2T. If opposite odges of a tetrahedron are equal, the oppo¬ 
site pairs of edges are bisected by the shortest straight lfjjes 
joining them. 2 ' — 


28. Give a plane construction to find the length of the 
normal drawn from one vertex of a tetrahedron to the oppo¬ 
site face, given the lengths of the six edges, 

29. Tw« pyramids aro congruent if cither 
(i) the base aad two lateral faces, 

or (ii) tho base and one lateral facif, and the dihedral 
anule between them • 


m of one are congruent with ihe corresponding parts of the 
'Alter and similarly placed. 

•• 

30. The intersections of corresponding edges of the two end 
faces of a truncated prism or pyramid lie in one straight 
lino. 


31. A regular tetrahedron has six planes of symmotry, but 
no c. "Are or axis of symmetry, 

32. A regular tetrahedron may bo divided up into four 
regular tetrahedrons and a regular octohedron. 

33. OABC is a regular tetrahedron, and O' Is the middle 
point of the normal from O to thy face ABC. Prove that 
O'A, O'B, O'C are mutually perpen licular.. » 

34. There "aro four planes, each of wln^h cuts thy sqrface 
of a given cube, in a regular hexagon. 

£#. Two tetrahedrons ar^ similar 

(i) when they have a 1 dihedral angle of one equal to 

one angle of the other, and the faces containing 
it similar and similarly situated to those of the 
other, , 1 

(ii) when they have a far a of one similar to a face of 

the other, and the^dihedral angles adjacent to it 
equal to the corre. ponding angles of the other. 
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36. Two trl raluslron.-i are similar ' 

(i) if three faces of one aretsimilar, and similarly placed 
to t-hrge faces of the other, 

(ii) if five dihedral angles of one aro oqual to the 
corresponding angles of the other. 

37. If the centroids of the faces # of a given tetrahedron be 
""Jfo'ned they form a new tetrahedron which is similar to the 

symmetric figure of the given tetrahedron. 

38. A totrahedrofi is uniquely determined when its base 
and the distances of«*the mid points of pa.ii y of opposite edges 0 
are known. 

* 

SUPPLEMENT. 

26. Euler’s Theorem. 

Euler’s t heorem * is a general theorem which states that 
in any polyhedron the sum of "the numbers of faces and 
^vertices is greater by two than the number of edgdSj'pro- 
vided that tli'o polyhedron does not violate either of two 
restrictions. 

The restrictions may bo indicated by saying that 
(i) no facejuust be rtng-shaped, 
and (ii) the solid, a whole, must not be ring-shaped. 

^ • if * *' 

Two typical examples of the figures to hb excluded are 
given opposite. 

» • 

The first is formed by placing a sandier box on the top 
of a larger one, the second is a rectangular frame made of 
a m(Wilding, of which the cross section is not a rectangle but 
ap trapezium. 

t 

We may denote the numbers of faces, vortices, and edges 
possessed by a polyhedron by the letters F, V, E respectively, 

• * Mimoira dc iktrtbourg, 1758. 1 
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For a simple rectangular block we should have 

F + V- E -0 + 8 — 12 = 2, or F + V - E + 2! 

For tho polyhedron represented in tin* first of the two figures 
above we should have 


F + V- E — ll-Hlfi-24-3; 




and for that in tho second of the two figures 

f+v-e = ig + io-:is!=o. 

The theorem may be proved by considering a model of ^he 
polyhedron, which is constructed by fastening together F 
polygonal faces, and supposing this model to be taken to 
pieces, face by face. * 

















































72 c ELEMENTARY SOLID GEOMETRY 

At any stage in Jdie process the edges and vertices in kny 
face miiH/i bo either (i) in contact with some other face or 
(iiJHfrco^it is only when free edA’es or vertices are removed 
that the number oj edges or vertices belonging to the figure 
is affected. Two edges do not moot in a free vertex, unless 
both are free. * 

The first face has no free edges or vertices, and when it is 
removed the numbers of edges and vertices aro unchanged. 

^he second face may be chosen to have one free edge, and 
there are no freo vertices as yet; the •number of edges is 
therefore decreased by one when this face is removed. 

The third and following faces may be chosen so that each * 
has at least one free edgo. It is now a'ssffiea that at any 
stage of the removal, until only* one face is left, (i) all the, 
free edges do not lie in any one face, (ii) the free edges in 
any face which is to bo«rerlioved are all connected. We may 
combine these statements by saying that, in any face which is 
to bo removed, the free edges form an open string. 

The vertices at the two ends of this string are not free, 
and therefore the number of free edges is always one more 
than the number of free vertices. * ‘ ^ 

Hen ce, in general, every time a face is removed the numbef 
of edges is reduced by one more than the number of vertices, 
and the excess of edges over vortices is therefore decreased 
by one each tiyrn any face, excijpt the first, is removed. 

But when only one facets left the excess of odges over 
vertices has becat reduced to zero. 

% The total number £>f faces being denoted b^ F, it follows 
that the original excess of edges over vertices, tliat is, E - V, 
has been induced by unity F - 2 times, and is then zero. ^ 

That is, E-V= F-2 and F + \J'-E = 2, or F + V=E + 2. 

In the case of the polyhedron in the first of the two figures 
on p. * f an exceptional case occurs, supposing all the faces 
of fohe ( smaller box to have been already removed, when the 
first face is taken from the remainder. In this case the 
free edges lie all in one face, and we find that 

. E - V = F - 3, or\f + V - E = 3. 

if 
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In the case of the polyhedron in tho*second of tho two 
figures on p. 71, supposing the faces forming the toj^ of 
tho rectangular frame to oo removed first, an CAifeptional 
case arises when the fourth of these faces is removed. . In 
this face the two free edges are not connected; its removal 
therefore takes away two edges but leaves tho number of 
vertices unchanged, and the excess of edges over vertices is 
decrease^ by two instead of one. Supposing the vertical- 
faces next taken away, the same thing occurs a second tame 
when the first of the faces at. the bottom of the frame is 
removed. • 

Hence wo L.a ■ E - V - F, * 
or F + V-E-0. 

The extension of this theorem- to^ other cases than the 
simple one discussed has been worked out by Listing. 

A simply connected surface is one in which any curve joining two 
given points can always be continuously deformed into any other 
carve which joins them, without crossing tho boundaries of that 
surface. , - 

Ec’sr’s theorem is applicable to any solid figure tho surface of which 
ft simply connected and which is composed of simply connected fncr.®.. 
(Eor constructing the surface face by face corresponds to continuously 
deforming a curve joining two points of one face through the bound¬ 
aries of all tho faces in succession until it returns to its original 
position.) 

Scholium : In any polyhedron in which m edges meet in 
each vertex and in which thoro are rt edges lit each face 

2E = Fn = Vm. 

For if we add the numbers of edges meeting in qpch vertex 
or %ing in each face, /each pdge is counted twice. 

These equations may he written 

mn~2m~2ri~ x ( 8a ^‘ 

But, making use of Euler’s theorem, we have 

F+V-E/ 2 
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whence the followup table is obtained :— 



m 

h 

E 

F 

V 

Tetrahedron . 

:s 

. 3 

6 

4 

4 

Cubo 

3 

4 

12 

6 

8 

Dodecahedron . 

3 

5 

30 

12 

20 

L( ^tahed r on 

4 

3 * 

12 

8 , 

6 

Icosahedron . . . 

5 

3 

30 

• 

20 

12 


Two polylicdra aio conjugate if the number of vertices in the one 
is equal to the number (.1 faces in the other. 


The tetrahedron is self-conjugate, the cube a'ruf The* octahedron are 
conjugate, and the dodecahedron and idle icosahedron are conjugate. 

Also the polyhedron whose verlices arc the centres of the faces of a 
regular polyhedron is the qonjhgatc of that polyhedron. 

1 Examples VIII. 

1. Tho corners of a cube are cut off by planes passing 
through the mid-points of each set of three coterminous 
edges; determine F, V, E for the polyliodron so*forme^ 

— Q. - * T f the facets of a convex polyhedron are all triangular", 
the number of faces is oven, and four less than twice the 
number of vertices. 

3. If tho seftid angles of a •onvex polyhedron aro all tri¬ 
hedral, the number of vertices is even, and four loss than 
twice the number of face*. 

4. The sum of all the angles of all the fare^ of a convex 

polyhddroV whose laces are all convex polygons, is double 
tho sum of. the angles of a piano convex polygon having the 
same number of vertices as the p^lyheitron. • 

5. Classify all polyhedrons with five vertices according to 
the nature and number of their faces. 

6. *[t is known that tho sum of tho piano angles at any 
v"rteJS- of a convex polyhedron falls short of four right angles. 
Prove that tho sum of the deficiencies, for all the vertices, is 
eight right angles. 

Verify this result for each oryhe regular polyhedra. 
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H. Let the numbers of faces and vertices of a polyhedron, 
each containing n edges, he f n and v„ respectively; then 

2E = 3f s + 4fj + 0f 5 +. . # t 

= 3v a + 4v, + 0v,+. . . 

8. If at each of the V vortices of a polyhedron there are 
m r faces each containing r edges, 

m r V - rfri 

with a similar notation 

n r F = rv r . 

9. In any polyhedron thij number of faces each containing 
ub odd number of edges is even. 

• • 

10. In any polyhedron the numlfor of solid angles each 
with an odd number of face angles is even. 

11. Show that E is never less than JF or 1V, whenco in a 
convex polyhedron E is never greater than 3(F - 2). 

. 1C* Show that 3f a + 2f 4 + f r> is never less than (GF-2E), 
and therefore in a convex polyhedron never less than i2, :.r. I *“ 
similarly for llv 3 + 2v 4 + v 5 . 

13. No polyhedron can be formed which does not contain 
at least four triangular, quadrangular, or pentagonal faces, 
anjl at least four trihedral, tetrahedral, or pentahedral solid 
angles. " 

• • 

„ 14. Show that in a convex polyhedron V is novoc less thali 
iF + 2, and never greater than 2(F-2); and thaf F is never 
lea*, than |V + 2, am^never greater than 2(V - 2)T 

15. Show that f 3 is never less than 2(2F- E), and v 8 is 
nover less than 2(2V - E); whence the number of faces and 
verticos together, each containing three edges, can neVer be 
less than eight. 

16. For any open sheet composed of Bimpie polygonal 

faces, f 



76 ELEMENTARY SOLID GEOMETRY 

17. If a convex polyhedron bo divided into n smaller poly- 
liedra, and F, V, E denote the numbers of faces, vertices, 
and edges, 

E + n + l = F + V. 

What is the relation between the number of faces, edges, and 
vertices within the given polyhedron ? 

1 ■ IS* If AA', BB', CC' are three equal mutually"perpen¬ 
dicular axes bisecting one another at O, it is possible to 
construct a regular octohedron, tetrahedron, or cube, the 
faces of which shall meet the axes in the above-mentioned 
points, if at all. Ho r w many regular tetrahedrons can be so 
constructed ? 



CHAPTER LV 

CURVED SURFACES 

27. Surfaces of Revolution. 


Def. A surface of revolution is one which can be generated 
by rotating a plane figure a|jout some straight lino in its plane 
’a* axis. 

•• 

Def. The section of a surface of revolution by a plane 

containing its axis is a meridian section. Any mo ndial; _ 

section may be regarded as a 
generating curve of the surface to 
which it belpngs. . 

» D ef The section of a surfaco 
of revolution by a plane normal 
to its axis is a right section. 

Scholium: The right section of 
a surface of revolution is a circle 
triced out by the point in which 
the generating curve meets the 
plane of the section. 

^eop. 27. Two co-axial sur¬ 
faces of revolution* intersect in- 
circles. 

For a curve of intersection is 
in this case generated by rotating p 10 44 , • 

a point of section of co-planar 

meridian curves of the two surfaces about the common 
axis; it is therefore a circl^ in a plane normal to the axis 
with its centre on that axisj 
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Def. A right circular cylinder is a solid figure formed by 
rotating a'rectangle about one sidq as axis; the side parallel 
to the axis is a generator of tho curved surface, and the 
other two sides tn.ce out planes forming tho ends of' the 
cylinder. 

Def. A right circular cone is a solid figure formed by 
rotating a right-augled triangle about ono of tho sides con¬ 




taining the right angle as axis; the hypotenuse is a generator 
of the curved surfaco, and tho r emaining side traces out a 
plane forming the base of tho cone. The generators all meet 
the axis in the vertex of the cone. 

' 0 

Def.' A' sphere is a solid figure bounded by a surface, all 
points of -which are equidistant, from its centre ; a diameter is 
any stjiight lino passing through the centre and terminated 
■by Surface. 
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Scholium (a): A sphere is a surface of revolution of which 
any diameter is an axis ami of which any meridian section is 
a circle. I 



Fig. 47. 


Seiplium '(b): The section of any piano with a sphere is 
E circle. For the diameter normal to tho plane is a common _ 
axis of revolution for both. [Prop. 27, p. 77. 



Scholium (c): Tho section ^of two spheres is a circle. Fop 
the straigl^j, line joining their centres is a common J axis/of 
revolution. * [Prop. 27, p^r 77 
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28. Tangent Lines, and Planes. 

Def. The tangent to a curve. 

If A, B bo neighbouring points on a curve, the limiting 
position which is in general approached by the chord AB as 
^ the point B approaches A is called the tangent at A k 

Def. The tangent line to a surface. , 

Any straight line through a point on a surfaco is a tangent 
lino to the surfaco ;it that point if ’ f in a tangent to any 
curve on the surface which passe," through that point. 

Def. The tangent plane.to a surface. 

In general the locus of all the tangent lines through a 
given' point of a surface is a plane; this piano is called the 
tangent plane at the point. 

Def. Tiie normal to a surface at any point it the ijprmal 
to the, tangent plane at that point. 

Pitor. 28. The normal at any point of a sphere is the 
radius through that point. , 

Take any meridian section of a sphere through a point A 
on its surface. 

This sec'.ion is a circle with its centre at O, "the eontre of 
the sphere, ind the tangent at A to this section is a straight 
line perpendicular to OA- . • s “ 

But all such tangent lines lie in the plane normal to OA; 
this jfia'ne is therefore the tangent plane at A and the radius 
OA is the normal at A. 

Scholium : The tangent lines to a sphere from an external 
a *oint form a right circular coi\ 0 . For tho straight line AO 
Joining"the centre O to the external point A is an axis of 
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revolution, and any tangent lino through A is a tangent 
to the meridian sectiou containing it ; the locus *of_ such 


A 



tangent lines is therefore thS right circular cono formod 
by the revolution of either tangoftt, drawn from A to the 
meridian section, about OA as axis. 


Examples IX. 

Inhere is always o^ue, and only ono, sphere wltlcli passes 
through tho vertices ot a gi^es tetrahedron. 

2 . The locus of ‘straight lines passing through a given 

point and making a given angle with a given plane *is a 
right circular cone. ‘ ( f 

3 . I! any number of planes be drawn through a given 
point, tho locus of the orthogonal projections upon thorn of 
another point is a sphere. 





82 


ELEMENTARY SOfJD GEOMETRY 


4. If tho opposite edges of a tetrahedron bo equal, its 
ci^cumcentre coincides with tho point of intersection of the 
straight lines which join the raid-points of opposite edges. 

5. Tho locus of points in a plane which are such that a 
given segment of a normal to That plane subtends a given 
angle at each of them is a circle. 

n ,. If tho opposite edges of a tetrahedron be perpendicular, 
their middle points lie on a sphero which also cuts opposite 
edges in tho feet of tho shortest distances between them. 

7. Tho locus off points in a plane such that a given 
straight line (not in the plane) nuutends a right angle 
there is a circle. 

8 . Tho normals drawn 'through the eircum-centres of the 
faces of a tetrahedron moot in the circum-centro of the 
’C5Lnhedron. 

9. Find the radius of the sphere which can be circum¬ 
scribed about the frustum of a circular cone in terms of the 
height of the frustum and the radii of its ends. -- 

10. The centre of a sphere which contains two circles in 
parallel planus lies between the pianos if the square of the 
distance between the centres of the circles exceeds the differ¬ 
ence of the snuares of their radii. 

11. There are, in general, 2 a spheres touching the four 
RlteM of.a. given tetrahedron. What exceptions are there? 

■ 12. The radii of the circumscribed, escribed, and inscribed 
spheres of a regular tetrahedron ate in the ratios *0:2:1 
respectively. 

1*3. The ratio of the radius of the inscribed sphere to an 
iedgp of a regular octahedron is 1: JG. 

14. Two spheres touch at P. Lines APA', BPB', CPC' 
are drawn terminated by the. spheres. Trove that the pyra¬ 
mids ABCP, A'B'C'P are similar. 
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15. (liven any straight line at a distanc* p from tjje centre 
of a sphere of radius a, the 1 ingeut plane containing iLmakes 
an angle of sin -1 ® with tho plane joining the given line to tjhe 
centre. 

16. The locus of the mid-points of all straight lines of con¬ 

stant length which join two skew perpendicular straight lines 
is a circfe with its centr# at the mid-point of tho shor^st 
straight lino joining them. • 

17. A fixed point O is joined to any .point P in a plane 
not containing O, and a point Q on OP is taken so that 
OP . OQ is constant.; ,,l, ow that the locus of Q is a sphere. 

^ 18. If a continuous figure has two intersecting axes of 
sjtfjmetry inclined at an angle wlycli is an incommensurable 
fraction of a complete revolution, it is a figure of revolution 
about an axis through the intersection of the two given axes 
normal to their plane, which is a plane.of symmetry. * 

19. If any straight lino through a fixed point 0 meet a 
given sphere jn points P, Q, the product of the lengths OP, 

OQ is constant. 

20. Determine tho planes passing through a given straight 
line which cut a given sphero in circles of given radius. 

21. The locus of the centres tjf all sections of*a given sphere 
by planes which pass through a given point is a sphere. 

22. The locus of the centres of all sections of a given 

sphere by planes wliich pass through aegiven straight line 
is a circle. * . • • • 

23. Tho throe edges which meet in one vertexrff a tetra¬ 

hedron are mutually •♦erpejidicular; find the radius of the 
circumscribed sphero in terms of the lengths of these three 
edges. * [J(a 2 + b^+c 5 )'. 

24. If two spheres are inscribed in a right circular cone, 
the plane of thoir intersection is equidistant from •theft 
planes of contact with the cone. 

25. Find the radius of a spin ’re inscribed in a right circular 
tone of height h and semi-vertical angle 9. 
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26. Tbc pianos passing through the curves of section, two 
by two, of three spheres have a common join which is normal 
bo the plane containing the centres of the three spheres. 

27. The conditions that a sphere can be drawn through two 
given circles in intersecting planes are that (1) the normals 
to the planes of the circles t hrough their centres intersect, 
(2) the tangents drawn to the two’"uiicles from any point on 
the join of their plmea are equal. 

28. The locus of points in space whoso distances from two 
given points are in a given ratio is a sphere. 

29. The locus of points such that uie sum of the squares of 
their distances from two given points is constant is a sphere-. 

30. The locus of the centres of spheros which cut two 
given spheres in great circles is a plum* normal to the 
straight line joining centres of the two given spheres. 

31. Define the surface which is the locus of points at which 
a given straight line subtends a constant angle, 

Def. Tlu) inverse of a figure, with respect to a given 
point O, is the locus of a point P' lying on the straight line 
OP, where P is any point of the given figure and P' is 
chosen, so that' the product OP . OP' is constant. 

Tho point Q is called the centre of inversion. 

32. The inverse «f a sphere, with respect to :piy point not 

■ ore its Bounce, is a upbore. . 1 

33. The inverse of a sphere, with respect to any ,noint 
on its surface, is a plane, wliiolf is normal to the diameter 
through the centre of inversion. 

34’. Corresponding small parts of a figure and its inverse 
fee approximately similar. 

Def. The stereographic projection of a figure drawn 
on a sphere is its inverse, with respect to a point on the 
surface of that sphere. 
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35. The stereogr.iphic p-ojcction of any circle on.a sphere 
is a circle. __ 

3C. The angle at which two curves drawn on a sphere cut 
is equal to that at which their stereograplrie projections cut. 

37. (liven a great circle which is its own stereographie 
projection with respect t<« a point O, and P' the projection 
of a point P, deter mine Q', the projection of Q, tiro anti¬ 
podal point of P. 

[Let Co he the radius of the given circle at right angles 
to CP', then Q is.the point in CP' produced srreir tirat 
O'oP' is right angle.] 

3i. Cliven a great circle which.is its own stereograplric 
projection and the projections of P„ P.„ two points on the 
sphere, determine tiro circle which is the projection of the 
great circle through P,P„. 

39. Given a great e.irclo which is its own stereographic 
projection an8 the projection of a point P, determine the 
circle which is the projection of a small circle of given radius 
having P as pole. 

[With tiro same notation as in Ex. 37, let oP' meet tho 
given circle in p, and mark oft’ points r, s, equidistant from 
p, on its circumference, so that rs»is equal to the diamotec 
of tne small circle in question. I 1 ’ CP meet or, OS in 
R', S', the ejrclo on R'S' as diameter tire inquired pro¬ 
jection.] r 


SU PPL EM ENT. 

29. The Geometry of the Sphere: Definitions *afid 
Postulates. 

Def. Any plane passing through the centre of a sphere 
cuts it in a groat circle; any* 1 slier jdano cuts the sphere 

hr a small circle. * 
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The great circla is the fundamental line on a spherical 
serfage, corresponding to tho <, straight lino on a plane 
surface. 

Def. 1. The distance betweep two points measured on the 
sphere is tho length of the shorter of the two portions into 
which they divide tho great circle which contains them. 

ft I'l 

In what follows it will bo taken for granted that the 
“ distance ” between any two points on a sphere is moasured 
on the surface unless tho contrary is stated. 

«' 

Def. 2. The angle between two circles is tho angle 
between the tangent lines to, the great circles at a point 
common to both. . ” 

Scholium: The measure of the angle between two great 
circles is equal to that of the 
dihedral angle between their 
planes. [Sell., p. 32. 

For a tangent ]«*■' to a 
spherical surface is at right 
angles to the radius through 
the point of contact, and if 
,two great circles cut at A their 
planes cut along the radius OA. 

Def. 3. The unit of length 
for distances measured on a 
sure of a complete great circle 

is 2sr. 

But 2ir is the circular measure of the angle subtended by 
the circumference at the centre. ThA unit of length is 
thclofore that arc of a great circle which is equal in length 

tljp radius of the sphere. ’ 

Def. 4. The antipodal point of a given point on a sphere is 
the opposite extremity of the 1, diameter which passes through 
that point. 
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Def. The antipodal figure of a given Jigure ia that com¬ 
posed of the antipodal points of all points which that given 
figure contains. 

Def. A spherical triangle is the figure formed by the 
shorter arcs of the great circles which join any three points 
on the sphere; the given points are the vertices of the 
triangle^and the arcs joiiyng them are its sides. 

Scholium: A spherical triangle is the intersection with 
the sphere of a trilTcdral solid 
angle which has its vortex at 
the centre ; tho measures of the 
sides of the spherical wiaijgle 
"in# equal to the circular 
measures of tho face-angles of 
tho trihedral solid angle, and 
the measures of the angles of 
the spherical triangle are equal 
to those <>f the dihedral angles 
of the trihe(lral solid anglt^ 

As defined above, each side 
of the spherical triangle must 
be less than two quadrants,* and therefore the correspond¬ 
ing trihedral solid angle must be convex. ^ [Sell., p. 46. 

The postulates on which wo .base the geometry of the 
sphero are a selection of four laws which may be shown to 
contain all .others. They themselves qjay he.reforrcd back 
to the geiforal laws of space, but thejt contain 11 hi 
wanted for the geometry of the sphere, and, it we take 
thfcji as our starting.point, it will bu unnecessary to con¬ 
sider any figures which*df> not *all lie in the spherical 
surface which wt* are considering. On tho one hand the 
analogy between the geometries of plane and spherical 
surfaces is thus made more #ovident, and, on tho other hand, 
when we have obtained tho results we require, tfiere* is 
nothing to prevent their translation from expression in 

* A quadrant is an arc 'which is one quarter of a great circle, and 
therefore su^fends a right ingle at the centre. 
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terms of spherical, triangles to expression in terms of tri- 
hq(lral solid angles or other convenient forms. 

Post. 1. Portions of the same splierical surface may be 
superposed. [Sell, (ft), p. 79. 

[CJp. 1 i>o principle of superposition in piano geometry.] 



Kig. S3. 



Fio. S4. 


Post. 2. Great circles which Contain a given point con¬ 
tain its antipodal point also, but have no other points in 
common. [l)ef., p. 85. 

[Cp. Post. 2, p. 4.] 

Post. 3. if A point is at tlvi distance of a quadrant from 
two points of a great circle, one of which is not the anti¬ 
podal point of the other, it is at the distance of a quadrant 
from all points upon,it. [Prop. 11, p. 24. 

P6st. 4r Two siefes of a spherical triangle are together 
greater tha. the third. rProp. 19, p 46. 

[Op. Kuc. i. 20.] ‘~ 


30. .Tue Geometry of the Sphere: Pole and Polar. 

"‘Def.' Any point and great circle, such that the point 
is at the distsmeo of a quadrant from each point of the 
great circle, are called pole 'and polar of the other re-, 
spectiv.ely. 
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Scholium (a): Every point has one pol;ir and only one. 

For the locus of points : t the distance of a quadr.-uit fiam 
a given point is the polar of that point. [Post. 3. 

Scholium ( b ): If the polar of A passes through B, the polar 
of B passes through A- 

For the condition that either statement should bo true is 
that th»arc AB should Ub a quadrant. 4 

Scholium (r) : Anf great circle has two and only two poles, 

each the antipodal point of the -^ 

other. V\ 

For a great circle is deteiipiined // I \ 

•!«v two points A, B upon it # (Fost. / \ / \ 

2 ), and any polo of the gro;*L| I \ 

circle AB must lie on each of the I I /\T 

polars of A and B (Sob. b), which \ y / \ / 

cut in two and only two poles, \ ^3 / \ / 

each the antipodal point of the \\ / j / 

other. # [«Post. 2. 

The conjugate relation botween p 1(}> ^ • 

pole and polar is vitiated by this 

fact—that each polar has two poles, whilst each pole has 
only one polar. 

This limitation may be removed if wo add the idea of 
direction to that of the great circle. We may then make 
each pole 0 / a great circle correspond 4o one*of two direc¬ 
tions in thfl great circle. 

It is convenient to denote the direction by ♦he order of 
namThg the points wnick determine the great circle; thus 
the poles of a gr$at circle AB will be associated with AB 
and BA respectively. It is usual to associate witjj AB 
that pole which lies on our left-hand * side as we wa^j; 
along the shorter arc AB, outside the sphere, fronf A Co¬ 
wards B. 

* This is chosen iu corfcormity with the conventions in a right- 
• handed system of co-ordinate axes. 
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In the previous figure (p. 89) P is the pole of AB, P' that 

oCba: 

The conjugate relation between pole and polar becomes 
peifectly definite if we make this distinction. 

Def. The positive direction round a splu-iical triangle is 
such that the area always lies on the loft-hand side of a 
person who walks round the boundary in that direction. 

A's soon as the idea of direction of a segment of a line is 
introduced, our arithmetical ideas of addition and subtraction 
must be generalised into algebraic ones. 

Scholium: Considering only points which lie on the same 4 
hemisphere, it is easy to verify UiaHn^u'l cases 

AB-AC + CB, , ■ 

where A, B, C are points on one half of a great circle, and 
AB, AC, CB denote the distances between the points named, 
reckoned positive or negative according as the directions 
indicated, are the same as, or opposite to, the standard direc¬ 
tion along that line. Tho restriction to one half of a great 
circlo is in accordance with Dof. I, p. 86. " 

♦Prop. 29. The distance between two points is eaual 
to the distance between their 
antipodal points. 

iet P', Q' be the antipodal 
(..points of P and Q respectively. 

From Postulates 1, 2 (p. 88), it 
follows that the complete great, 
circle PQ is bisected by tho pair 
of points P, P', and also by 

Q, Q.'. ' * 

Hence > 

' - Fig. 56. PQ + QP'= Q P' + P'Q'; 

whence, taking away QP' from each side, 

PQ= P'Q'. f 

# A direct proof follows from tbe'faot fcfht the diameters PF, QQ', 
cat in the centre 0. 
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•Prop, 30. The measure of the angle .between two great 
circles is equal to that of the corresponding intercept on 
the polar of their points of intersection. 



Let the great circles meet at P, and let tiio ares produced 
from P meet the polar of P in 
points A and B. 

Sine* the arc AB may be sub¬ 
divided into any number of equal 
parts all subtending equal angles 
at P, the measure of the arc is 
proportional to that of the angle. 

But the measure or a complete 
revolution is the same for both, 
and therefore the measures ai.o 
equal in all cases. . 

Def. A lune is the portion of the 11,1 

spherical surface intercepted between Wo half great circles. 

fScholiunj: Vertically qpposite angles are equal, the two 
■ . angles of a lune are 

IA equal, and an qnglo is 

equal to its antipodal 
angle. 

Let *the antipodal 
figure of a lune ABA'C 
he tho lune A'B'AC'. 

• 

I£ the pol» of A n usH 
through the "oints B, 
C, B', C', ffom the last 
proposition we know that 
tho angles in question 
have their measures 
equal to that of §C or 
B'C', and are therefore 
Fiq. 58. equal. [Prop. 29, p. 90. 

• A direct proof follow from the fact that the tangents to great 
olrcles at P are respective^/ parallel to the radii OA, OB. • 

+ A direcP proof follow i from the fact that the tangents at A, A' to 
the two great circles are respectively parallel. * 
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♦PiiOP. 31. The measure of the angle between two great 
cycles is equal to that of the distance between their poles. 

Let great circles AB, AC have polos P, Q and meet the 
great circle PQ in points P', Q' 
respectively, such that tin! quad- 
rental triangles AP'P, AQ'Q are 
each named in the positive 
direction. 

Hence, Q'Q - P'P,and wo may 
clioose the letters so that PQ, 
Q'Q havf .01. j same sense, ensur¬ 
ing that Q'PQ are in one semi¬ 
circle. But since PQ is less than 
'two quadrants, PQ’ is less than 
’one quadrant, and Q' lies in the 
semi-circle of which P-is the mid¬ 
point. Hence, P'Q'P'lie in one semi-circle, and therefore 

[Sch., p. 90. 

Q' P + PQ - Q'Q = P‘ P = P'Q' + Q'P. _ 

Taking away Q'P, PQ= P'Q', 

that is PQ = BAC. [Prop. 30. 

31. The Geometry of the Sphere; the Polar 
Triangle. 

Def. The polar triangle of a given triangle has the poles 
of the sides of the first tiiangle for its vertices!, each side 
being lafcrn in the positive direction round the'triangle.t 

_ [Def., p. 90. 

Scholium: If A' be the pole of RC, this being the positive 
direction round a triangle ABC,. A' is on the same side of 
B6 that A is; that is, 

AA' is less than a quadrant. 

A direct proof follows from the fact that the dihedral angle 
between two planes has the same measure as the angle between their 
normals. [Sch., p. 32. 

t The ciioicc has been so made that the ‘ triangle and its polar are- 
contained in one hemisphere. 


A 




ELEMENTARY SOLID GEOMETRY 


>J3 

This restriction is necessary in order ,<« make tlie polar 
triangle a definite tiling, lor eight (2x2 x2) tri.iftgles cqp 
bo formed with polos of the sides of the given triangle as 
vertices. , 

Prior. 32. If A'B'C' is tao polar triangle of BAC, ABC 
is the polar triangle of A'B'C'. 

For fee pole of B'C* lies on the palms of B' and C' 
(Sch. (6), p. 89), and therefore 
is at ono of the poifcts of section 
of CA, AB. Hut the poles A', 

B', C' have all been so chosen 
that AA', BB', CC' aro eaeji less 
tl^an a quadrant. That is, A and 
A aro on the samo side of B'C'i, 
and therefore, in going round 
A'B'C' in the positive direction, 
tho poles of the sides aro the points 
A, B, C. This is, therefore, the 
polar trianglp of A'B'C', if A'B'C' 
is the j> lar triangle of ABC. Fnj. 00. 

Prop. 33. If a, b, c, A, B, C be used to denote the 
measures of the sides and angles of a spherical triangle 
ABC, and a', b', c', A', B', O' those of tlig corresponding 
sides and angles of the polaf triangle A' B' C', then 

a + A' = a' + X - ir, 
b + B' = b' + B == *v» 
c + C' = o' + C = IT. • 

I<k Proposition 31 ^t is proved that tho mewiure of the 
angle betwoen the positive directions C'A', A'B' is equal to 
that of tho distance BC. But this angle is tho exterior 
angle of the triangle A'B'C', and is therefore supplemen¬ 
tary to the angle A'. • 

That is, a + A' = ir. 

Since ABC is also the polar*triangle of A'B'C', the other 
equations follow in prec sely the same way. 
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We conclude that any property relatin'; to the sides and 
angles of a triangle, remains true when for each side and 
angle we substitute the supplement of the corresponding 
angle or side. 


32. The Geometry of the Sphere; the Congruence 
of Triangles. 

The congruence of spherical triangles has in reality, though not in 
name, been discussed in the section dealing with the eongiuence of 
trihcdial solid angles (p. 47). The 
definition there given of the solid 
angle symmetric with respect to a 
given .'oil'd angle is equivalent to 
the 'Vlo'uiition which follows below, 
for if two spherical triangles ABC, 
A'B'C' an- antipodal, the trihedral 
angles OABC, OA'B'C’ have their 
corresponding edges continuous. 

Def. Two triangles are sym¬ 
metric if either is congruent 
with the antipodal triangle of 
the other. 

Fid. til. Since two symmetric solid 

angles are not congiuent, the 
corresponding Spherical triangles are not congruent either 
—in spite of the fact that the antipodal pairs of sides 
and angles are separately congruent (Prop. 29, p. 90; Sch., 
p. 91). The reason .(is to lie found in the fact that if we go 
Loupd „the, two triangles, taking the letters in their alpha¬ 
betical order, the two directions will be found to bo opposite 
to one another, exactly as was found previously in the.pase 
of two solid angles. 

Def. Parts of two triangles aro only said to completely 
correspond when they can be taken in order round the 
tr‘anglgs in the same direction. 

Scholium : Two triangles which ha l o all the parts of one 
equal to the parts of the other taken ( round in the opposite 
direction are symmetric. 
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Spherical geometry dillcrs from plane geometry in this respect/ 
because, in flic lalter, two triangles w ii h tlieir parts lespeclively equal, 
hut not taken round the truing!-s m the same direction, cun he supy- 
poscd by turning ovei one of the two triangles and placing it flpon the 
other. But if a sphencal triangle lu* turned over, it can no longer be 
made to lie on the same spherical surluco as before. * 



The following propositions are divided into two parts, such 
that each is obtained from the other by replacing the parts 
of the triangles concerned by the corresponding parts of the 
polar triangles. The enunciations are generally such that 
each is obtained from the other fly substituting “sides” for 
“angles,” and “angles” for “sides.' 

• • 

Pitop. 34. Two triangles are congruent i& they have 
:om#!etely corresponding pajts equal as follows:— 

(i) Two sides and adjacent I (ii) Two angles qnd ad' 
ingle. t I jaeent side. 

The proof follows in pencil yaso by superposition; in the 
irst case as in Euc. i. 4' in the second as in Euc, i. 26. 
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•Prop. 35. If in any triangle 
• (i) two sides are equal. > (ii) two angles are equal, 
then the angles opposite to { then the sides opposite to 
them are equal j ' j them are equal. 



Let ABC ho any’ triangle, and A'B'C' its antipodal 
triangle. 


(i) If AB AC, 
we haw 

A'B'-AB --AC = A'C' 

| l’rop. 2!), ]>. 90. 

and BAC -- B'A'C'. 

[Soli., p. 91. 

Hence thtf triangle ABC 
has-"im\) »:icles and an angle 
adjacent t.Q both equal to 
completely corresponding 
parts of A'C'B', and the two 
are congruent. [Prop. 34. 
Whence 

ABC-A'C'B' = ACB. 

[Sch., p. 91. 

** 


"(ii) If ABC = ACmj 

»’0 have 

A'B'C'= ABC = AC B = 
A'C'B' [Sch., p. 91. 

and BC = B'C'. 

[Prop. 29, p. 90. 

Hence the tiitjmgle ABC 
has Uvo anglos and a side 
adjacent to both, equal to 
completely corresponding 
parts of A'C'B', and the two 
triangles are congruent. 

[Prop. 34. 

Whence AB - A'C' = AC. 

< [Prop. 29, p. 90. 


Cp. Euc. i.tl 
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Scholium (a): If 0 is a point, on tho sphere equidistant 
from tho points A, B, C, the triangles OBC, OCA, OAB* 
may be transposed so hs to give the a»ti , ' , :diil triangle of 
ABC by addition or subtraction. 

For if O', A', B', C' be the points antipodal to O, A, B, C 
respectively, the triangle QBC, being isosceles, is congruent 
with 0'C*B', and similarly Tor tho other triangles. 

* Fnor. 36. Two triangles •'re congruent, if they have 
flie following completely corresponding parts equal:— 

(it three sides. , (iy three angles. 

Thu proof of tho first case follows by the Method of Ex¬ 
haustion exactly as in Enc. i. 7, K, or by u-e of the symmetric 
triangle of one, as in the more usual pi oof of Km:, i. K; that 
of the second can also be obtained independently, though it 
is simpler to lei the proof depend on that of the first case. 

For if two triangles have the angles of one equal to tho 
corresponding angles of the other, their polar triangles aro 
congruent by the first case, whence the given triangles ary 
also congruent. 

Scholium (b \: It may be observed that 8he seeding part of 
this .proposition is equivalent to the statement tn-t 'Ttvo 
trihedral solid angles are congruent if they 1^'ve their 
corresponding dihedral angles, egual. # 

Def. A supplemental trianglo has a pair of ^ides 
supplementary and the pair of angles opposite to thSm 
supplementary. * * 

• Cp. Prop. 20, p. 48. Tbc^second proposition is untiue in plane 
geometry. 


Q 
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Pitop 37. A triangle is supplemental if it has either 
(i) a pair of sides supple- ' or (ii) a pair of angles sup- 
mentary; : plementary. 



Lgt ABC denote the triangle. 

(i) Let AB, AC ho sup¬ 
plementary and lot A, A' be 
antipodal points. The tri- 
anglis ABC, A'CB are con¬ 
gruent, hv tiio preceding pro¬ 
position, since AB-f-BA = 
AC + CA' AB +AC = it. 

Whence 

AB-CA', AC = BA'. 

Hence the angles at B and 
C are ..upplemontary. 


* Puop. 38. 

(i) The side of a triangle 
opposite to the greater of 
two angles is greater than 
that opposite to the less. 


(ii) Let the angles at B, C 
be supplementary and let 
A, A' be ant1po(M points. 
The triangles ABC, A'CB are 
congruent by tho precoding 
proposition, since the angles 
at A and A' are equal, 

[Sell., p. 91. 
and ACB+ACB-ABC+ 
A'BC - ACB + ABC =ir. 

Whence ’ ■ 

ABC-A'CB, ACB = A’BC. 

Hence the sides AB, AC 
aro supplementary. 

(ii) The angle of a triangle 
opoosite to the greater of 
two sides is greater than 
that opposite to the less. 


Cp. Elia. i. 19, 18, where the order is reversed, and Ex. 9, p. 52. 1 



EI.KMKNTARY SOLID (iEOMKTKY 


99 



(i) For in the triangle ABC 
let tlio angty at C la" greater 
than tN angle at B. If tlio 
angle BCD be equal to ABC, 
CD falls within the trinnglo 
and cuts AD in some inter¬ 
nal point D. The angles at 
B and C in the triangle 
BCD are equal and therefore 
BD--CD.. [Pi op. 35, p. 90. 
• 

But CD, DA are together 
greater than CA. g 

[Post. 4, p. 88« 

• 

Hence BA, the sum of BD, 
DA, is greater than CA. 


(ii) For in Hip triangle 
ABC lot Hie side BA bo 
greater than CA. Let, the 
angle BCD be equal to 
the angle ABC, so that the 
angle ACB is greater or less 
than ABC, aecording as CD 
falls inside or outside ‘the 
triangle. 

But (?D can notj all ou tside 
the triangle, for then AB is 
the dilferonco between BD, 
DA, that is between CD, 
DA (since the triangle ftP-O 
is isosceles by Piyip, 35, 
p. 90), which is less than CA 
(Post. 4, p. 88), contrary 
hypothesis. That is, the 
angle ACB is greater than 
ABC. 
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Prop. 39. 

-* (i) The sum of the sides (ii) The sum of the angles 
of a spherical triangle is of a spherical triangle is 
lestf than a great circle. greater than two right angles. 



Fro. 08. 


(i) Let ABC bo any (ii)VTho sum of the sides 
triangle and lot A, A' bo of the polar triangle of ABC, 
antipodal points. is less than a great c-. ele. 

Then BC is less than the That is, 
sum of BA', A'C. n-A+ r -B + ir-C<3ir, 

. [l'Aist. 4, p. 88. , w jj 6nce ^ sum 0 f tj, e 

Hence the perimeter is angles A, B, C is greater 
less than the sum of AB, than two right angles. 

BA', A'C, ^CA; tlnh is, is 
lhss than .4 great cir<Se. 

33. The Tangent Plane to $ {Surface of Revolution. 

5?/ op. 40. The normal at any point* to a surface of 
revolution is the normal to the meridian section through 
t-ljat point. , 

* The first statement is equivalent to kIc. xi. 21 or Prop. 25, p. 59. 
They were given iu tlio present form alum* with the preceding pro 
positions by Menelaus of Alexandria in his work on Spherioa^ 
Geometry (circa 98 A.u.). 
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Let the normal to the meridian sectfon through A meet 
the axis in O. Let B bo a point which approaches A alorlg 
some curve drawn on the surface, and Jet A' be the ppint 
corresponding to A on the meridian section containing B, so 
that OA' is a normal to the meridian section through A'B. 

The triangle OAA' is isosceles, and therefore as the angle 
AOA' flecreases the an<fles at A, A’ each appioach a eight 
angle; that is, the Jimit approached by the angle between 
OA', A'A is a right angle. 



Fig. fi». 


Again, since OA' is the normal at A', flio limit approached 
by the angle between OA', A'B is a right angle# 

But the limiting position 'approached by OA' is the line 
OA, and therefore* the limiting position approachedthe 
plane AA'B is the plane through A normal to OA. 

That is, tho limiting position approached by the chord 
AB, which is the tangent at A,to an arbitrary curve through 
A, lies in the plane drawn through A normal to OA; OA is 
therefore the normal at A to the surface. ' 
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Examples, X. 

V Any side of q ,spherical polygon is less than the sum 
of the others. 

2 . If P be any point within a spherical triangle ABC, BA, 
AC are together greater than BP, PC. 

« t , 

3. If P bo any point within a spherical triangle ABC, the 
sum of tho distances AP, BP, CP is less than the whole and 
greater than half the perimeter of the triangle. 

4. The sum of the sides of any^onvex spherical polygon 
is less than a complete great cirtfio* 

8 . The sum of tho angl<j% of a convex spherical polygon 'of 
n sides lios between 2n and (2n - 4) right angles. 

*6.,The bisectors of the angles of a spherical triangle 
are concurrent. 

7. The three perpendiculars tp the sides of a triangle 
drawn through their respective mid-points arc conqsrrent. 

• , 

8 . If one angle of a triangle bo equal to tho sum of the 
other two, tho centre of tho circumscribing (small) circle 
bisects the greatest side. 

* 

9. The bisector of tho vertical anglo of an isosceles spheri¬ 
cal triangle bisects the ljase at right angles. 

, IgL^If spherical triangle be supplemental,, one median 
bisects'lSio verticaf anglo and is a quadrant.' 1 

11. If the bisector of an angle of ^spherical triangle be a 

quadrant the triangle is’supple.*,nCutal. * 

- VM,, _ 

12 . Jf one median of a spherical triai'glo bo a quadrant 
^he friangle is supplemental. 

' 13. If DE bo an arc of a great (circle bisecting the sides 
AB, AC of a spherical triangle at D'and E, P a pole of DE, 
the angle BPC is equal to twice the angle DPE. 

* Menelaus, c. 98 A.U. 
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14. If in a quadrilateral one diagonal is equally inclined 
to both pairs of opposite sides, the opposite sides are equal. 

15. If the opposite sides of a quadrilateral aro equal, its 

diagonals bisect one another. * • 

16. If in two spherical triangles ABS, A'B'C', AB, BC 

aro equal to A'B', B'C’ respectively, and the angle ABC is 
greater.than the angle ,^'B'C', the third side AC is greater 
than A'C'. " , • 

17. If in two spherical triangles ABC, A'B'C', AB, BC 
. are equal to A'B', B'C' respectively, and the angles at A, A' 

aro equal, the angles at C, C' are equal’or supplementary. 

18. If in two spherical triangles ABC, A'B'C' the angles 
at B and C arc respectively equal to tho angles at B' and C', 
and tho sides AC, A'C' are also'equal, tho sides AB, A'B' 
aro either equal or supplementary. (Contrast Kuc. i. 26.) 

19. Tho diagonals of an equilateral quadrilateral bisect 
one another at right angles. 

20 . If A'fc'C; bo the polar triangle of a triangle ABC and 

L) be the midpoint of the side BC, the polar ti iangles of the 
triangles ABD, ACD can be formed by drawing tho external 
bisector of the angle at A' to meet the base B'C' in points 
P and Q. • 

21. The theorems concerning* spherical triangle and its 
polar triangle may he extended to ;my convex polygon. 

22. In an j spherical triangle, tho sales of whic h ar e less 
than quadrants, the exterior angle is greater thaireirner of 
the interior and opposite angles. (Compare B».e. i. 16.) 

23. The sum of two angles of a spherical triangle, is , 
greater or less tlihn two right angles according as 

of the opposite sides is greater or less than two quadrants. 

* 24. If a quadrilate -al be inscribed in a (small) oirclerfffe 
sum of one pair of opposite angles is equal to the sum of the 
other pair. * 


Lexell, 1782. 
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25. If tho opposite sides of a quadrilateral are equal, their 
intersections lio orf tho polar of the point of section of the 
tTwo diagonals. 9 

£6. If tho base 'of a triangle bo given, and the sum of the 
base angles exceeds the third by a given amount, the locus 
of tho vertox is a (small) circle passing through the extremi¬ 
ties of the base. 

< 

27. The groat circle which is a tangent to a small circle at 
any point is at light angles to the radios at that point. 

28. Tho two tangents drawn from any poiut on a sphere 

to a small circle are equal. r 

29. Jf a quadrilateral circiynscribe a small circle, the sum 
of one pair of opposite sid<,J$ is equal to the sum of the other 
pair. 

30. Jf A, A' nro antipodal points, and tho small circle 
inscribed in a triangle A'BC touches A'B at P, AP is one- 
half tho perimeter of tho triangle ABC. 

31. Tf s denote the semi-perimeter of a give ,;*-*rianglp, 
and a, L>, c the lengths of its sides, the lengths of the tan¬ 
gents drawn to tho inscribed circles from the vertices are 
(S - a), (s - b),^(s - c) respectively. 

32. Tho three vertices of a spherical trianglo are at the 
same distance (measured on tho sphere) from any great 
circle which jpins tin} mid-points of two of its sides. 

‘ 33.*7L*c pole of the great circle joining tile 'mid-points 
of two sidcs,nf a spherical triangle is equidistant from the 
extremities of the third side. ( * * 

v$‘. The great eirclo which joins the mid-points of two 
sides .of 1, a spherical triangle cuts the third side in points 
ghich are at a distance of a quadrant from the mid-point of 
thb tbii'd side. 



PART IT 

MENSURATION 

CHAPTER V 

MEASUREMENT TN GENERAL 

* 

34. The Measurement of Length. 

The process of measuring a straight lino consists of two 
stages: 

(i) subdivision into equal parts, 

(ii) counting those equal parts. 

( 

• The subdivision may bo either: 

(i) of the straight lino to bo measured, 

(ii) of the standard unit in terms of lvhicli it is to be 

expressed, 
or(iii) of both. 

Tho equql parts into which the’lines are subdivided will 
bg called hleknentary units, to distinguish theft the 

Standard units, such as the foot or centimetre. 

« 

Af concrete examples o£ the above consider measurements 
of 3 in., | in., and t <| in. respectively. In the first case. O'e" 
given line is subdivided into three equal parts, each .elemen¬ 
tary unit being 1 in.; in the second case the standard unit 
is divided into two eqinl parts, each elementary unit being 
} in.; and in the third case the standard unit is divided into 
three and the given line into two equal parts, each elemen¬ 
tary unit being \ in. 
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But the longtli of a straight, lino can only be expressed 
with perfect numerical accuracy wjicn both it and the standard 
unit are multiples of some common elementary unit, and in 
general tin's is not«(lie case. 

In general the process of measuring consists in choosing as 
elementary unit some sub-mulliplo of the standard length, say 
■01 in. and taking that multiple which lies nearest} to the 
giveL line, as the, lyeasuro of its length, saj ‘176 hundredths 
= 3*76 in. The smaller the elementary unit, the more 
accurate is tho measurement. 

% « 

For practical applications, therefore, it is only necessary to 

consider such lengths as can be expressed by vulgar fractions 
(including decimals): that is,*a 11. measured lengths are com- 
mensurable. *•* 

In order to make perfectly general all theorems which 
concert! measurements, incommensurable lengths must also 
be considered. But, though now definitions of addition, 
multiplication, and division are inquired for stv-h numbers, 
tho definitions can be so framed in terms of the j«frespon f d- 
ing definitions for commensurable numbers that exactly the 
samo laws hold for both. 

Jn all cases, "therefore, it is» sufficient to deal with lengths 
as though they were commensurable; the extension to in¬ 
commensurable lengths leaving been made once for afl. 

It shoul d Ve noted I,hat. any indeterminatenoss about fcfv) length of a 
given m bright line is only due to the difficulty of determining aMd 
expressing it arithmetically; its actual length is, of course, perfectly 
definite even when it is incapable of exact* numerical representation 
tv'i. when incommensurable)f. % 1 

If the line to be measured is curved instead of straight, 
the common notion of its “ length ” is based on tho idea of a 
hypothetical inelastic string which fan be superposed upon 
the curve and then straightened out into a straight line. 
The numerical measure of the straight line so found is 
regarded as tho length of the curve. 
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But this notion adds a conception widely it is not easy to 
weld together willi our olJ v geometrical ideas, and tho f 
necessity for coherence compels us to seek a definition of the 
length of n curved lino in sorno other form.* • 

The form in which wo must frame this definition is that of 
a limit. Further, the definition presupposes a, theorem,* the 
proof of which belongs to tlyj Integral (Jalculus. This I heorein 
must now be introduced as a postulate, Though at first. sight 
it may appear cumbrous and difficult, it is really nothing but 
the exact statement of a tacit assumption which we make 
%very time that we estimate the length o£n road drawn on a 
map, and treat successive jnall portions of it as if they were 
stiuight, adding them up by means of a ruler or the straight 
edge of a sheet of paper. 



For wo assume that the smaller the successive portions 
into which we divide the curved line, the mojje uccuiate will 
our estimate of its length become. • 

• 

The postulate may bo stated, for alj curves here considered, 
a;s follows - 9 t • 

Post. Tf a number of points bo t;?k<>n on any^such* 
curve and joined consecutively by straight linwi, the peri- 
moter*bf the open polygon, sq formed approaches a defini te 
limit when the number of points is increased and the distancJP “ 
between every pair of consecutive points is dcerea§e<f in¬ 
definitely; further,if an open polygon be formed hydrating 
the tangents at the above pVints, its perimeter npproachqp * 
the same limit as that of the inscribed polygon. 

■ 

* A proof in the special ease of the circle is given in Lamb’s 

Infinitesimal Calculus” (Art. 4). > 
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Def. The limit, which is approached by tlic perimeter of 
the above open polygon is defined as the length of the curve. 

It may ho observed that the length of a curved line, just 
like that of a straight line, cannot, be determined with 
perfect accuracy day measurement; it is only by calculation 
that the length of an (ideal) curve can be determined exactly. 



^ Fio. 71. 


Let 0, O' be t.hfc centres of any two circles whatever, and 
letter C be vertices of a polygon inscribed within -the 
first circle,, Draw O'A', O B', O'C' . . . parallel to OA, 
OB, OC . respectively. . * 

Tu the triangles OAB, O'A B', 

°'A' OB' sjnco O'A' -O'B', 0A = OB, 

OA OB t 

and the angles A'O'B', AO^are equal. 

The triangles are therefore similar. 


[Euc. vi. (, 
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A'B' O’A' 

Hence — OA ’ an ^ siroikirly f° r Uio other spiles of 

the two polygons. Therefore tin* ratio of their perimeters 
is equal to that of tlio radii O'A', OA. v 

lint, when the, sides of the Jl.st polygon are :ill decreased 
indefinitely, these perimeters approach definite limits, whioh 
arc tho circumferences of the two circles 

* . » 

That is, the circumferences an; in the same latio as nie 
radii, which is the samA tiling as saying that the ratio of the 
circumference to tho radius is constant. 

Def. Tho constant ratio defined above cannot be expressed 
numerically with exactitude; that is, it is incommensurable 

Jt ih*denoted b\ 2ir, and the value of it is approximately 
3-1415!) . 

Approximations to the value of it can bo found by calcu¬ 
lating tliB peiinielers of inscribed and eitcumseribed rcf'idar 
polygons containing 2 n or 3x2" sides. Aieliiniedes (287- 
212 bo.), in Ifis essay on tbo Measure of I be Ciivle, by 
considering polygons of 1)G( — 3 a 2 r *) sides, showed that the 
value of n lies between 3} and 31','. 


35. The Measurement of Area’ 

When fft! state that tho'aie.i of* a geonu i neal ligure is 
356 square millimetres it is implied* thy,, ideally at any 
rate, the figtito could be subdivided into nieces wliich ljb/m 
put together again would make 356 actual squares, 1 lie side 
of eacfn being one liiillijnetro. Ho in all eases fbo funda¬ 
mental idea of the area of *a .figure -implies subdivision i^ 
exactly tbe same waf as does tbe idea of the length a 
straight line. But with respect to the aetual subdivision in 
practice, there is a difference. , ft is not in general possible 
to subdivide a geometrical figure into a definite number of* 
portions which can be fitted together again into sqna.ro units 
of area. Butin thought the mind passes on to f fie limit which 
is approached by the approximate subdivision into squar.es. 

/ » 
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The proof of tho existence of such a limit is not simple 
enough* to he included hero, aqd an additional postulate is 
therefore required. It is convenient to approach this limit 
hy a roadily applicable method ; one in which an approximate 
measure of the area of a given figure is found by supposing 
it to be drawn ftpon squared paper. It is impossible to 
find the nearest whole number of elementary units of area 
contained in tho given figure, because tho smaller the size 
of’’the square unit the more incomplete squares will be con¬ 
tained in tile figure. Tho postulate states that the total 
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area of theso incomplete squares decreases as their number 
increases, ami that therefore the total number of complete 
squares gives- an approximate measure of the required area. 
In the accompanying illustration the incomplete squares are 
shaded for two sets of squares, the linoar dimensions of one 
set being double fhosc! of the other set. The smaller set of 
inco mp lete squares have the portions inside thd,figure doubly 
shaded, and the external portions unshaded to distinguish 
them front the larger set. 

Post. If any plane ■ figure- bo divided into a number of 
equal squares by two systems of parallel straight lines the 
total-area* of the incomplete squares included within the 
figure can bo made as small as we please, and that of the 
complete squares approaches a definite limit as their number 
increases and their size diminishes. 

* It is assumed that these squares aro snbroultiples of the standard 
unit. ■ 
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Def. The limit which is approached l>^ the area of the 
complete squares enclosed within the tfiveii figure when 
their size is diminished is the area of that 

r . 

The chief application of tho preceding |iu-l.u].ite is indi¬ 
cated by the first of the following scholiums; — 

Scholyun («): An approximate measure of the area re¬ 
quired can also be obtained by counting all the, complete 
squares within the figure and as many of the incomplete 
squares as is convenient; and any such approximate measure 
■approaches the area required as its lirnit.^ 

For the importance of the incomplete squares taken all 
together can be made as squil 1 as we please by increasing 
their number. 

Scholium (i): The area of a parallelogram is measured by 
the product . 

(length of base) x (height). 

Divide.parallelogram into small squares which lie in 
rows parallel to the base. 

An approximate measure of the area is obtained by multi¬ 
plying together the number of complete uruts in the base 
and the number of complete fows contained by tho height 
of the parallelogram. The limit ityproachod by this measure 
■ when the unit is decreased is 

(length of base) x (heigllt). 

Schalium (e): The area of the orthogonal projection of a 
plane figure of area S on a plane which is inclined to itaw* 
an angle 8 is equal’to S cos 8 . 

Divide the area into sjripg by straight lines perpendicular,, 
to the join of the two planes. Tho projection of each strip 
is of the same width as the strip, the area of tho strip is 
therefore diminished in the rafio of the lengths of the strips, 
f which is, by definition, equal to cos 8 . Hut if the area of 
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each strip is diminished by projection in the same ratio, the 
whole artja is diminished in thatr-atio. 

But there is an alternative method of dealing with the 
arfius of plane figures, and it is the method adopted in 
Euclid's Elements.* In this treatment no explicit definition 
of area is given, hut it is assumed that 

(i) every liguie has a definite area and congruent 
* figures*have the same area.; 

(ii) if equal areas be added lo or subtracted from equal 

areas the resulting figures are of equal area, 
(though hot necessarily congruent); 

(iii) fif-nivs whose amis are the same suhmultiple of 
equal areas are of equal area (e.g. the halves of 
figures of equal “area are equal). 

By using these principles a square or reobanglo may be 
found wjua.1 in area to any plane rectilinear figure. The 
method may be extended to curvilinear figures by means of 
the following postulate. -i 

*Post. The area of a polygon inscribed or circumscribed 
to a closed curve approaches the area of fcho curve as a limit, 
when all the sides are diminished indefinitely. 

f Puoi’. 2. The area of a dircle is measured by the pro¬ 
duct 7T (radius)-. ’ 

Let A,B,G . . . V*e the points of contact of the sides 
PQ, Q& .. of a .polygon circumscribed to & circle whose 
centro is at 0. The area of the polygon is the sum of the 
areas of thc^tii angles OPQ, OQR * . . and is therefore 
Pfl"'\l to ' 

\ OA. PQ-f £ OB.QRd- 
■ ■*£ . OA (PQ + QR + • . .) 

" = £ (radius) (perimeter of polygon). 

* This postulalo is not iudepeud* nt of previous assumptions, and is 
therefore capable of proof. 

t Euc xii. 2 shows that the ratio area : (radius) 2 is constant. 
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When the length of each siilo diminishes, this approaches 
the delinite limit * 



• \ J , 

(radius) (circumference of circle) [Fost.,ip. 107. 

which is equal to it (ladius) 2 [ I )of., p. 109. 

36. The Measurement of Volume. 

« 

The ffieasurement of volume inry’ ho treated in exactly 
the same w^ay as the measurement of trea, except that we 
imagine out* iiguro drawn in a cubed gpace imilea/Wf on 
squared paper. 

Po3%. If a solid figifrc I^e # dividojl into a large number of 
cubes by throe sets of parallel planes, the total volume* 
of the incomplete cubes included witliiu tin* given figpre can 
be made as small as wo please, and that, of the complete 
cubes approaches a definite limit as their number intreasss’^ 
and their size diminishes. 

* It is assumed that these cubes? are sal (multiples of the standard 

Unit. 
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Def. The limit approached by t.he volume of the com¬ 
plete cubes enclosed within thp given figure, when their 
size is diminished, is the volume of that figure. 

Scholium (a): An approximate measure of the volume 
required can also be obtained by counting all the complete 
cubes, and as many of the incomplete cubes as is con¬ 
venient, and any such approximate moasure approaches the 
required volume as a limit. r 

The preceding definitions may be applied directly to prove 
a general theorem concerning similar figures. 

Def. Similar figures are such that all distances between* 
points in one figure boar a constant, ratio to the distances 
between the corresponding points of the other figure apd 
that all corresponding angles are equal. 

The existence of such figures may be shown to depend on Euc. vi. 4. 
and on Prop. 20, p. 4S, since any polyhedron may bo decomposed first 
into pyfounds and then into tcti abedrons. 

Scholium (b ): The surface areas and volumes of similar 
figures vary respectively as the square and cub e of their 
linear dimensions. * 

If, when Ihe linear dimensions of a figure are altered, the 
elementary unit of length bo altered in the same ratio, the 
surface area and volume of the figure are measured by the 
same number as beforo. 

But the dcmentiyy units of area and volume have been 
altered respectively in the ratios of the square jand cube of 
the ratio of the linear dimensions of the two figures. 

Hence the surface area and vol <me of similar,figures' 
'.viisured in terms of a standard unit are respectively pro¬ 
portional to the square and cube of its lii.ear dimensions. 

Examples XX 

1. The edges of a rectangular box arranged in descendi 
order of magnitude are a, b, respectively ; find the shortest 
distance over the sides of the box from one corner to the 
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opposite corner, and the inclination of this path to the longest 
edges of the box. 

2. The roof of a rectangular building, the base of which 

has dimensions 82' by 16', has four faces, each inclined to*Lhe 
horizontal at an angle of !5°; find thcfc lengths of the five 
edges along which the faces join and their inclinations to the 
vertical. [16, 13fi, 54° 44'. 

3. A room has dimensions 30, 12, and 12 ft.; a spider on 
the vertical medial •line of one end-wall, and 3 ft. from the 
ceiling, wishes to reach a fly on the opposite end, 3 ft. from 

* the ground and 0 ft. from cither side-wall; find the shortest 
path along walls or ceiling, [41 *78 ft. 

• 4. "What angle does a diagonal of a cube make with any 
face? •• [85° 16'. 

5. Find the dihedral angles of a regular tetrahedron, and 

also the length of the normal from a yertox to opposite face, 
in terms of the length of the edge. [70° 8$'; 816. 

6. The dimensions of *a room are 21, 30, and 10 ft. 

respective!^'; find the inclination to the horizontal of any 
diagonal, and the angles which the vertical plane cdhtaining 
it makes with the walls. [15° 16'; 35°, 55“. 

7. A roof makes an anglq of 20° with tltw horizontal, and 
one of its edges makes an angle of 30 with its horizontal 
edge : what angle does that edge make with the horizontal ? 

. * * 51'. 

8. The dimensions of a room are 2£, 20, an<? 12 f*.; find 

the magnitude and position of tho shortest^ straight line 
joining a diagonal to Either of the edges of the ceiling which 
it does not intersect. * [10'8, 10'3 ft.; the dingo*.' 

* divided in the ratios 'S3, *36. 

9. A pyramid stands symmetrically upon a squar* base, 
and the inclination of the faces to tho baso of the •pyramid 
is 24°. Prove that the nnglo which an edge makes with the 
base is 17° 30', and that tlitf face angles at the vertex are 
84° 50'. 
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10. Show th;i.t a squaro may bo folded so as to form a 
tetrahedron with t!hree concurrent edges mutually perpen¬ 
dicular. Calculate the least dihedral angle between its faces 
an<J also tho suiallusL plane angle of any face. 

[cos - 1 ; = 48° 12', tan - 1 \ 26° 34'. 

11. Find the dihedral angle between two consecutive faces 

a regular octahedron, and also the length of a. diagonal in 

term* of tho length «>f a side. * * [109° 28'; J2. 

< 

12. Find the dihedral angle between consecutive faces of 

a regular dodecahedron. [03° 24'., 

* 13. If two regular solids a region jugate, the ratio of the 
radius, of the eireumserihed sphere to that of the inscribed 
sphere is the same for botk u 

14. A plane makes equal angles with two vertical walls 
which wo at right angles; show that if it. is inclined to the 
vertical at an angle c, the lines of section with the walls are 
inclined to tho vertical at an angle whose tangent- is 

r 2 tan o. 

15. Tho traces of a straight line on two perpendicular 
planes are A and B . if A', B' be the orthogonal projections 
of A, B on the join of these planes, and 

AA'^a^BB'*b, A'B' = c, 

show t 1 A B = (a 2 + b 2 + c J )f, 

and that the* tangents of the angles jnado by AB with the 
_t#n.planes and their join are respectively 

_b a (a-+'b-)i 

(a 2 + c")i’ (b- + c 2 )i’ ^ c 

* This proposition includes Propositions 2, 4 of the first of two 
books on tin 1 Hcgular Solids which have been appended to Euclid’s 
Elements, and winch arc now attributed to Hypsicles of Alexandria 
(cirtfa 600 A.D. ?). 
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16. The traces of a plane on two pieties at ligjit, angles 

make angles a, fi with tin : join ; slmw that, the tangents of 
the angles which the plane makes wit El I lie two perpendicular 
planes are respectively * 

1 mi a j tail fi * 
sin fi siti a 

17. AB, BC •arc* horf/onlnl line's demoting tlio tops of 
two walls of a horn**' which intersect at liijit .inch's, and 
the slopes of the roof which meet ilu* walls in AB, BC are 

Jnelined to the vertical at angles a, /?.; show that if BD, 
the lino of intersection of those two slopes, makes an angle $ 
with the vertical, @@ 

tan “0 tan ta n /3 

18. ABCD is a tetrahedron, and the throe faces meeting 
in D are equal isosceles triangles of veitieal angle 2cy prove 
that the angle between two isosceles faces is equal to 

• 2 siif 1 (i sec a). 

19. Three edges of a tetrahedion mei'ting at O hllvo the 
same length a, and make equal angles a with ono another; 
prove that the distance of O from the opposite face is 



20. Tf OA, OB, OC arc three mutually petpcr.4ieular 

straight lines, and O' is the orthogonal projection of O on 
the pl^ie ABC, the ar*as of the triangles AO'l£ BOA, ABC 
are in geomotric progressioti. * • 

21. The sum of the areas of three faces of a tetrahedron 
is greater than the area of the fourth face. 

22. Calculate the angles made by the radii marking t£e 
hours in a sundial (i) when tl#e face is horizontal, (ii) when 
the face is vertical and looks south. 

, [tan <j} n = (i) sin l tan \mr, (ii) cos l tin Jwir, 
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23. Thp plane, passing through the mid-points of a pair of 
epposite edges of a tetrahedron, for which the area of its 
section is a minimum, is parallel to the shortest distance 
between one of tin? other pairs of opposite edges. 

, . [See Ex. 24, p. 30. 

24. Determine the plane parallel to two opposite edges of 
a tetrahedron which cuts it, so that the area of its section is 
a maximum. NJ& —x(a -x) is a /naximuiA when x = Ja. 

25. The minimum area intercepted by a sphere of radius a 
on a plane whirl) passes through a point within the sphere 
at a distance d from its centre is ir(a- - d 2 ). 

i V 

26. The area intercepted between two concentric spheres 

is constant for all planes whiclh cat both. «- 

27. If two planes intersect at right angles in a given 
straight line, the sum of the areas intercepted on them by 
a givenVsphere is constant. 

28. Show that if the areas of sections of two fixed 
spheres by a plane are in the same ratio as *tho areas of 
sections' through the two centres, this plane cuts the line of 
centres in one of two fixed points. 

29. Determine the lengths of the edges of a rectangular 
parallelepiped, knowing that t f aey are proportional to a, b, C, 
and that its volume is V. * 

30. ABC [S' A'B'OD' is a parallelepiped, any point is taken 

in tta^. diargonnl AG', and three planes drawn* through it 
parallel respectively to the three faces meeting in A. Prove 
that each cut’s off an equal volume. r r 

' 3l. Determine a plane which, drawn parallel to the base 
of a “triangular pyramid, shall divide the volume in the 
ratio'm : n. 

i i , 

32. Determine a plane drawn parallel to the base of a 
given tetrahedron to cut off jj tetrahedron whose total area 
, is half that of the given tetrahedron; what is the volume of 
the ne'tv tetrahedron? 
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33. Provo geometrically, from the volume of a cube, that 

if a and b bo wliolo numb ts * 

(a + b) 3 =- a- 1 + 3a‘-’b + 3a b : + b 3 , 

(a - b) 8 a 3 - 3a 2 b + 3ab" - b’. 

34. (live a plane consti action to d*tcrmino a. straight 
line, whoso tatio to a given straight, lino is equal to that ot 
the volumes of two cubes, the edges of which are known, 

* 4 

Scholium: Tf A, 8, C are any three points in space, the 
algebraic sum of the projections of AB, BC is equal to the 
“projection on that lino of AC; if A, &, C, D are any four 
points, the algebraic sum <4 the projections of AB, BC, CD 

equal to the projection of AD' m 

35. Being given the orthogoibtl projections of a straight 
line on three mutually perpendicular axes, find its projection 
on another straight line which makes given angles with tho 
three axes. 

36. The angle between two straight lines which make 

angles a, Jj ft, ft', y, y' respectively with three mutually 
perpendicular axes is • 

cos -1 (cos a cos a + cos ft cos ft' + cos y cos y'). 

37. The square on a straight line is equ?d to the sum of 
the squares on its orthogonal projections upon three mutually 
perpendicular axes. 

38. The.sum of tho squares of the%osiues*of the angles 

which a straight line makes with thn;o mutually perpen¬ 
dicular axes is unity. . 

39*The sum of tho squares of .the cosines of the amgles 
made by any plau£ with three mutually perpendicular plants 
is unity. 

40. If A, A' are tho areas of two figures in the satire planry 
and P, P', Q, Q', R, R' are their projections on three mutually 
perpendicular planes, . 

A.A'-P.P' + QQ'+RR'- 
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41. The square of any plane area is equal to the sum of the 
squares of the areils of its projections upon three mutually 
perpendicular planes. 

In the following examples a t b, c and A, B, C denote 
either the face angles and dihedral angles of a trihedral 
solid tingle, or the sides and angles of the. spherical triangle 
formed by its intersection with ^sphere of unit ••radius, 
having its vertex ar, centre. 

42. If C = 90°, cos c = cos a . cos b. 

43. What, is the etror in calculating, as if it wero flat, the'* 

hypotenuse of a right-angled tri.f.igle with two equal sides, 
each 5,0 miles long,drawn on,the surface of the earth, taking 
the earth’s radius to be 40t*0 miles? [2 yards. 

44. If C~ 90°, tali A —tan a/sin b. 

45. It C - 90°, si n A sin a/sin c. 



CHAPTER VI 

THE. P1USJJ, AXI) I'YMNItHll 
37. The Lateral* Area of a Prism or Cylinder. 

^•Def. A right prism i' mtc m which the lateral edges are 
normal to its ends; ;m ol'Jwjue prism is (me in which tho 

la f ual edges are not normal to its ends. 

* • 

Def. A right section of a priS/li is a section by a piano 
which is normal to its lateral edgoS. 

Pjtor. 3. The lateral area of a prism is measured l?y 
(perimeter of right section) x (length of lateral edgo). 

*, * (Sec Fig. 74, p. 123.) 

Let ABC . . . A'B'C' ... ho a prism in which the lateral 
edges, produced if necessary) meet a right .-.return in abc . . . 
Let s be the perimeter of the right section, s^that 

s = ab + bc*+ # . . . , 

and let 1 denote tho length of each, of the edges AA', BB', 

CC' ... . • ' 

The area of the face AB B.A' is measured bv ttie product 
AA'.ab, • [Self (6), p. 111. 

• • • 

and the total lateral area is therefore 
1 . ab-t 1 . bc + ... 

= l(ab-i ? bcV . . .) - 1. s 

or (perimeter of right section) ^(length of lateral edgo). 

The difficulty in giving a general definition of the fyea of 
121 
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6. curved surface may be avoided by deal* only with those 
simple (Jases with which we are fJoncerncd. 




Ddi. A cylindrical surface fa traced out by a straight line 
which is in a fixed direction 
and passes through a given 
curve; a cylinder is bounded 
by a cylindrical surface a'nd 
two, ends which a^re portions of 
parallel planes. Jjiy position of 
the straight lino generating the 
curved surface is a generator. 

Def. Prisms, the lateral edges 
t>f which coincide with genera¬ 
tors of a cylinder, are inscribed 
in that cylinder. 

Def. The area oi' the curved 
surface of a cylinder is the limit 
approached by the lateral area 
oi a‘ii inscribed prism when each 
side is indefinitely diminished 
in breadth. 

’Thai; a definite limit is ap- 
proached by the lateral area of a 
I(r * 'prism inscribed in a cylinder fol¬ 
lows from the preceding proposition and the postulate of p. 107. 
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Scholium: The area of the curved surface of a cylinder is 
measured by ■ * 

(circumference of right section) x (length of generator). 
For the perimeter of tin* right-section *‘f tlu* prism is y, 
poljgon inscribed in the right-section of the cylinder by the 
same piano, and (Post, p. 107when each Side is indefinitely 
diminished, this perimeter approaches a definite limit, called 
the perimeter of tjje cylindrical cross-section. 

k * • 

38. The Volume of a Prism or Cylinder. 

Phop. 4. The volume of an oblique prism (or cylinder) is 
equal to that of a right prism (or cylinder), having the same 
r'ght section and equal lateral edges. 



* , 

Fl(.. 7(> 

* 

Let ABCD . . A'B'C'D' . . . be any oblique prism. 

Consider the sides of the prism to 1* pindiwcd, and let 
abed . . ., a b'c'd' . . . be right sections suck Ui.ii_aa', 
bb', cc', are each equal to AA'. 

It isjequired to prow that * 

Vol. ABCD . . . A'B'C'D'=bml. abed . . . a'b'c'd' w . 

The truncated right prisms (or cjlinders) abed ^ ... 
ABCD . . . , a'b'c'd . . . A'B'C'D' . . are congruent, 
because their bases abed . . . , a'b'c'd' are congruent, 
and aA = a'A', bB = b'B'. . . 

Taking these two equal volumes from the whole figure 
ABCD . . . a'b'c'd' . . . , the remaining prisms ABCD . . . 
A'B'C'D' . k . and abed . . . a'b'c'd' ... are o£ equal 
volume. 
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Def. Tlio height of a prism is the perpendicular distance 
betweerl its two onds. A 

Prop. 5. The volmne of a prism (or cylinder) is measured by 
■ (area of base) :< (height) (area of right section) 

,x (length of lateral edge). 

Suppose the prism divided into cubical elements of volume 
Winch 1,0 in layers pnallul to the onds. An approximate 
measure ot tin, volume: is 
obtained by multiplying to¬ 
gether the number of roinpleto 
squares contained in the base 



by tlio number of com¬ 
plete layers included in 
the height of the prism. 
The true measure is the 
limit approached by this 
when-tho tubes are,diminiqlieil, and is therofore -qual to 
(area of base) x (height). 

But it has already been shown (l’i'op. 4, p. 123) t/at the 
-volume of an oblique prism (or cylinder) is equal to one of the 
same.right section and of the same length of lateral edge. 

Taking this right section as base, we obtain the alter¬ 
native form, 


(area of right section) x (length of lateral edge). 
Scholium: The volume of a triangular prism is measured 
by half the product of the area of any side into its distance 
from the edge to which it is parallel. fSch. (A), p. 111. 
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Examples XII. 

1. In every triangular \*vW \ tin 4 area of tin 4 grealest' lateral 
face is less than the sum <>f the two others, 

2. The area of tin 4 section of the sides of a pi ism made by 
a plane is least when the p’ane is normal to the Literal 
edges of the prism. 

3. The straight line joining the cent pad-' of ,un two sect ions 

of a prism is parallel to itcV.itep.il edges. , 

Def. The centroid jf a figure whi<h can he divided into 
triangles of areas a,, a.-,, a.. . wi11 1 centroids at P, , P.„ P H . 
rcmectivciy is found as follows ■ l)i\idc P,P, at. P,_, in tin; 
ratio a. 2 : a r divide P,„ P at^,^ in the iat.ioa,: a, t-a 2 , etc. 

*1 The floor of an attic is rectangular, being 1 l ft. by 12 ft., 
tht Veiling slopes from a height* ot 1) ft. along flf the 
longer sides to a height of 5 Id. alopg Ihe opposite side ; find 
its cubic capacity. [117ti nib. ft. 

5. A rectangular sheet of paper 11 in.bv 0 in. is euryed so 
as to form the lateral surface of a i ight. circular e\lmder ; find 
the volume*! o£ the two e\lingers so formed. | r»N, 3 l uib. in. 

6. A sheet, (,i paper in the form of a parallelogram, whose 

sides are 12 in. and 5 in. and inclined to each other at an 
angle, of 70’, is curved so as to form the laleral surface of 
a right circular cylinder; find tin* volumes of the two 
cylinders which can he formed. # [hi, 22 cub. iij. 

7. The v atio of the volumes of two rigid. < ircuhir evlinders, 
of which the curved surfaces are e<p;al in aiea, is equal to 
the ratio of |ho radii of their bases or ftie inverse ratio of 
their height.?. 

8. The ratio of the areas «7f the cmved surfaces of two 
right cii'Ciilar cylinders which, aj-e of espial \olume is cqual^o 
the ratio of the square roots of their heights or tin* inverse 
ratio of the radii of tlieir bases. 

9. The volumes generated by turning a rectangle a Bout 
adjacent sides successively are a and b cubic eins. r&pco* 
tively ; what is the length of the diagonal of the lectangle? 

10. What is the ratio of the volumes generated by rotating 
a parallelogram about two adjacent sides ? 
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39. Introductory Propositions. 

Def. A conical surface i.s generated l>y a straight, line 
which inerts a Iked point .and a given curve; a con^is 
bounded by a conical surface a„.'d a pbme base. 

lb..'”, 6. If two pyramids-(or cones) are on equal lases 
and are of the same height, they are of equal volume. 



Fig. 78. 


r c ‘ 

Suppose each pyramid (or cone) divided into slices all 
of ecjual thickness. 

Sections of a pyramid (or cone) are similar to the base 
and of linear dimensions .proportional to their distances 
from the vertex. [Prop. 24, p. 5.8- 
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Their areas are therefore proportional to the squares of 
tliel:,.distances from the ver’fyx. '[Sell. (/;), p. J14. 

Hence the areas of sections of two pyiainids at the same 
distance from their respective vertices hear the same ratii 
to the areas of the bases. Those, liases aye equal in area, 
and tho sections are therefore also of ecpial area. 

11 ence approximate measures of the volumes of correspond¬ 
ing slices are equal, and therefore also those of tho t;tal 
volumes. But tho accurate measures are the. limits ap¬ 
proached by the approximate measures, and the exact volumes 
of tike two pyramids (or cones) an* therefore also equal/ 


IProp. 7. The volume of & J triangular pyramid is one-third 
that, of a prism standing on the rarne base and of tlie^game 
height. 



Fjg # 79. 


Let tiTb triangular pyramid he denoted by fi BCA' and let 
ABC A B C' be a prism on tho same base ABC, having*Tfcs 
lateral edges parallel to AA'. This prism is of the «amd 
height as the pyramid, and may be considered as made 
up of the three triangular pyramids C A BB', C AA'El, 
C A B C'. 

.The pyramids C A'BB', C AA # B may be regarded as having 
* Jjpst. p. 113. t Kuc. xii. 7. 
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a common vertex C, anil as being on equal bases A'BB', AA'B; 
their volumes art therefore oqi|M. [Prop. 6, p. 126. 

Similarly the pyramids C B'A'B, C A'B'C' may be re¬ 
garded ns having a common vortex A', and bases of equal 
area CBB', CB'C'; their volumes are therefore equal. 

[Prop. 6, p. 126. 

Thus the prism is made up of three triangular pyramids of 
equal volume. That is, the volume of A3C A' is one-third 
that of a pi ism of (be same height and on the same base. 


40. The Volume of a Pyramid or Cone. 

Prof. 8. The volume of a pyramid (or cone) is measured 
by the product , < . * 

(area cf base) x (height). 


The volume of a triangular pyramid is one-third that of a 
prisin’on tho same haso and of the same height. [Prop. 7, 

Its volume is therefore measured by 


-- (area of haso) x (height). 

Tho volume of any other pyramid (or cono) is equal to 
that of a triangular pyramid on a base of equal area; 

[Prop. 6. 

It also is therefore measured by . 

i ‘(area of base) x (height). 


Examples XIII. 

•T. One corner of a parallelepiped is chipped o(T, so that the 
edgijs meeting in that vertex are reduced to J, if, £ of their 

foriuor size respectively; the volumo is reduced to pr¬ 
ofits former size. 

2. The plane determined by one edge of a tetrahedron and 
the mid-point of the opposite edge divides the tetrahedron 
into two parts of equal volume. 
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3. A regular octahedron is formed whosq corners nro the 
middle points of the faces of a cube. Show that, the volume 
of the octahedron is one-sixth the volume of the cube. 

4. If a tetrahedron has one trihedral angle fixed, its volume 
is proportional to the product of the lengths of the three 
edges which meet in that point. 

5. The* volume of a tetrahedron formed by joining the 
centroids of the faces of a given tetrahedron is one twenty- 
seventh that of tho given tetrahedron. 

S^If a tetrahedron has one edge, fixed as well as the 
dihedral angle which is fornjed there, it.s volume is propor¬ 
tional to the product'of the* areas of the two faces which 
met t in that edge. • * * 

7. The two tetrahedra inscribed 411 a given parallelepiped 
are of equal volume. 

8. The volume of the octahedron common to two*tetri* 
hedra inscribed in the samoparallelepiped’ is one-sixth that 
of the parallelepiped. 

9. The volume of a tetrahedron ABCD remains fixed tyhen 

C, D move in any way on given straight lines, parallel to 
AC, which is fixed. % 

10. The plane which bisects tho dihedral alible bet wee A 

two faces of a tetrahedron divides ^he opposite edge in the 
ratio which the areas of the two facts b^ar to oqe another. 
Is the same sfa^oment true for the bisector of tlnj, exterior 
angfe between tlio planes ? ss * 

11. Tltf> volume of a tetrahedron is 0110 -third of*the volume 
of the circumscribed parallelepiped. • [See Fig., p. «. 

12. Determine a point within a tetrahedron such thjfthe 
planes joining it to the si^c edges divide the figure into fhui 
tetrahedra of equal volume. 

13. If on two given straight lipes constant lengttis AB, CD 
ar.e marked oil in any positions, the volume of the tetra¬ 
hedron ABCD # is fixed. 
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14. If A, B, C, D denote tJ>o areas of the faces of any 
tetii'alu'ilrnit, and'V its volume,‘prove that the radius of the 
iuscrihcd s|iliero is 

' r 3V .. 

AiBiCiD 

15. In a. tetiahedren in which apposite dices are perpen¬ 
dicular the products of the lengths of pairs of opposite edges 
art inversely proportional to tin' 1 shortest distances between 
them. 

1G. The sum of the normals drawn to the faces of n regular 
polyhedron from any internal point is constant. ->■“ 

17. Determine a plane pasting through a given straight 
lino -ill one fare of a trihedral angle which shall cut .off a 
volume equal to that cutitilf by a given plane. 

18. If O ho any point in a face BCD of a tetrahedron 
ABCD and straight lines drawn through O parallel to AB, 
AC, AD respoetneiy meet the faces ACD, ADB, ABC in 
P, Q, R respectively 

OP °Q OR , _ ’ 

AB AC AD ‘ 

19. Every pi:inr which bisects two opposite edges of a 
tetrahedron divides it into two parts of equal volume. 

[See Ex. 25, p. 68. 

20. If a point V is such that the volumes of pyramids with 
a common vertex fit V and on given bases not co-planar have 
a given'ratio, the locus of V is a pair of planes passing 
through the join of the planes of the two given bases. 
Extend this theorem to the case-of three plane^ bases. 

21. There is in general one point V such that the volumes 
of i no pyramids with a common vertex at V and four given 
pltne polygons of areas a lt a 2 , a.„ a, for bases have the 

, ratio rtj : n„ : n a : n 4 ; the distances of this point from the 
planes of the four polygons are proportional to 
Qp . nj, n 3 . n,_ 

a l a 2 a 3 a 4 , 
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22. If 0 is any point, within a tetrahedron ABCD and the 
line joining any vertex A ml 0 meet the op[>osito face in 
a, then 

Oa Ob i Oc Od . 

Aa 1 BI> : On 1 Dd 


23. Determine a, plane di.iwn parallel to .i. id ven straight 
line or phasing tliA'ongh a ^iven point which shall divhlc a 
given tetrahedron into two equal volumes. 

24. Given the four heights h . h { , h, of a tetrahedron 

ahvl4li(‘ distances p,, p„ p„ of a point from three of its faces, 
the distance p 4 of this point -Worn the louith face is given by 


p^ h i ( 


i_Pi p-'i 
h. h* h;J 


25. A convex polyhedron has n faces and the rtb face is 
of : rea A r i Pr denotes tile distance of a point. P Irdm the 
plane of the ptb face, to be measnied positive or negative as 
the point is on* the same side of the plane as the polyhedron 


r-n 

or the reverse; then is A r p r constant for all positions 
r I 

of P, inside or outside. 


26. If die straight line through A equally inclined to the 
three faces of a tetrahodion ABCD, whirTi contufci A, meets 
the opposite %ate in A', the area/ ol tie# triangles A€C,» 
A'CD, A DB are proportional respectively to the areas*of 
the faces % ABC, ACD, ADB. 

• 

27. If in the face BCD of a tetrahedron a point A' is t^kon* 
so that the areas of the triangles A'CD, A'BD, A'B© ^tro 
proportional to numbers y* z, W and similarly for the qther 
faces (numbers x, y, z, W being associated with the point/ 
A, B, C, D respectively), AA'„Bp', CC', DD' are concurrent 
in a point O, such that the volumes OBCD, OCDA, ODAB 
q.jid OABC are_ proportional to x, y, z and w respectively. 
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41. The Volume of a Frustum of a Pyramid 
(or Cone); Simpson’s Rule. 

, • 

Def. A frustum of a pyramid (or cone) is bounded by its 
base mid a piano section widen is parallel to it. 

Prop. 9. The volume of a frustum of a pyramid (or 
cote) is measured by f 

-Jh(X + Y+ S /XY)= Jh(X + Y + 4M), 

where h is the height, X, Y are the areas of its ends, afitTM 
is the area of a section midway-between them. 


6 



’ Let O bo the vertex of the pyramid whose frustum is 
bounded by the ends ABCjD,. . A'B'C'D' . . .; and let 
the normal to these faces from the vertex cut them in points 
H, M' respectively 
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Denote the required volume by V, and l.lie lengths OH, 
OH' by p, q respectively. * 

Then V = vol. OABCD . . ,-vol. OA'B'C'D' . . 

and h = p-q (1) 

Hence V--='(Xp - Yq) . fl’rop. 8, p. 128. (2) 

• .) 

* I • • 

But the areas of.tl^e faces ABCD . . A'B'C'D' . . . 
are proportional to the squares of tiioir distances from the 
vertex. [Prop. 24, p. 58; Euc. vi. 

That is ^ x, say.(3) 

p 2 q- ' 

• • • f 

Substitute now in equation (2), ifnd 

V = |x(p’-q»), 

* -^(p-q!f(p ! +pq + q 2 ).( 4 ) 

Making use of equation (1), 

V-J.(xp* + xp<l+xq*). : (6) 

• • 

Then, making use of equations (3), 

_ _ • » 

since I . xpq =. Jxp 1 . xq* = JX\, 

woh^ve h(X+,/XYtY) . . 7 . . (6) 

Secondly, the lengMi of the normal from the vertex ti* thff 
mid-section is *^(p*8q), 


_4M JX* = Y 
(P + q ) 2 P 2 q 2 


• ( 7 ) 


and 
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Hence gh(X +A' +lM)=*h .u|p 2 + q 2 + (p + q) 2 ( 

=■ ^hx{2p 2 + 2q' 2 + 2pq} 

= ^h[xp 2 + xq2 + xpq}, 

V .♦ t 

which by equation (5) is equal to V. , 

Hence V=. 1 j h(X + Y + JXY) - gh(X + Y + 4M). 

TUcJast formula expresses \vhat is known as Simpsqn’s * 
Rule; it is a rule of widu application, as is shown in books 
on tho Integral Calculi’s 1 . In particular it maj bo extended 
at once to any polyhedron in which all tho vertices lie in two 
parallel faces, whether these faces contain tho samo number 
of edges or not. Tho steps of tho proof are given in the 
Scholiums which follow. * 1 

Def*’. Any polyhedron in which all the vertices lie in 
two parallel faces is a prismatoid. 

Scholium (a ): Simpson’s Jlulo may be applied to a com¬ 
plete pyramid or cone. , 

For this,is the limiting case of a frustum. 

, 4 # ( „ , 9 

Scholium (//): Simpson’s Rule may be applied to a trian¬ 
gular prism in which one lateral ed^e and the opposite lateral 
fc^e aie treated as twq,paiaUel Jaces. 

Ptr X = 0 , M-^JY, and therefore V = |hY, which agrees 
with Scholium, p. 121. 

Scholium (r): Simpson’s Rule may he applied to tho sum 
or difference of two figures (?f tho same height for which it is 

* Thomas Simpson (1710-1761). 
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known to be true, fina which li.' between the same two 
parallel planes. , ' 

For ifv„ X,, Y„ M, ami V , X „ Y... M. refer to the two 
given figures, and V', X', Y', M' refer in tup figure whirling 
their sum or difloronco, • . 

V' = V, ±V 2 , X'^X. + X,, Y'-Y, + Y,. M' M, t M« 
Hence V' = Jh(X, l-Y, +*■! M ,) + ' li(X. I- Y, r I M ,) • 

= Jh(X' + Y' i- lM'l. 

That is, if Simpson’s Huh* holds for two figures of the same 
height taken separately, it nny b*‘ :i|>|ilu*d when they are 
ta£»*n together. • • „* 

Scholium (a) : .Simpson’; Rule tnay lx> applied to a tetra¬ 
hedron if two opposite edges are regarded as parallel faces. 

For a tetrahedron may lie regarded as the diHYrenee 
between a (Triangular pristi and a quadrangular jq ram id. 
(See figure on r . 127.) 

• 

Scholium (h): Simpson’s Hide may hi* applied to any pris- 
matoid. 

For, by joining nny vertex *to all ihn other vei l ices, the 
priomatoid can ho divided into puumids a*id totrahodra 
all lying between the same two pftrallfl pl.un^s. Simplon's 
Rule holdJ v*hen thpy are takgn sep.ilately, avd therefore 
also when they are taken together. 


42. The Volume of a Truncated Triangular 
, Prism. 

Def. A truncated prism is the portion of a prism cut off 
by a plane which is not partd>*l to the ends of the prism and 
which meets all its lateral edges. 
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1’itop. 10. The volume ot a truncate triangular prism is 
measured by , 


1 

3 


(area of right section) x (sum of lateral edges). 


Let ABC A'B'C 1 ' ho a trnnoafed triangular prism. 


Let. tho parallel edges A'Ap B'B, C'C be produced,to meet 
a ri"ht section ill a, b, c respect* rely, anft let the area of 
this section be denoted by S. . , 



Let the lengths Ap, AKa, Bb, ... be denoted by p, p', 
q, q', r, r'.respectively, and the volunjo requirdl by V, so 
that** 1 

V = vol. A'B'C'abc-vol..ABCabc. 

• Tile lengths of the lateral edges are (p' - p),(q' - q),(r'- r). 

Jusf. As in Drop. 7, p. 127, a triangular prism is divided 
-linto tlipeo equal triangular pyrtimuts, the truncated prism 
ABCabO may be divided into three unequal pyramids, 

r • 

CABb, CAab, Cabo. 
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The volume of the last o( these, since Cc is normal to its 
base abc.is $. 1 

Because Cc is parallel to tlio face AaL, 

vol.’ CAab = vol. cAab. [Prop. 8, p. 128. 
But Aa is normal to the faeo abc, 

whence ’ ‘vol. CAab = ,^pS. 

Similarly, 

vol. CABb = vol. c^Bb - vol ca Bb. 

1 *• 

whence vol. CABb qSr 

Hence vol. ABCabc ^ 'ip + q T r)S. 

# * 

‘Similarly vol. A'B'C'abc |(p' + q' + r')S, 

and V= *(p'-p + q'-q.+ r'-r)S 

»_ (aroa-of right sectiof^) x (sum of lateral edges). 

d 


43- Th8 Regular Pyramid* and «Right Circular Cpne ; 

Def. A regular pyramid is one whoso lateral fiyfes are 
congruent isosceles triangles; from which it follows t.lidt the 
base is a regular polygon. 

Def. A pyramid whose IhtSral edges coincide with gene¬ 
rators of a cone is inscribed in that cone. 
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Pitoi>. 11. A regular pyramid tan be inscribed in a right 
circular cone. 

Tjd OABC . . . lie n regular pyramid and let K be the 
pr.ijeel.iim upon the base of the vertex O. 

The right-angled triangles OKA, OKB, OKC ■ . have 

0 



OA-OB 0C= • . . and OK. common, and are therefore 
congruent. 

- lienee OA, OB, OC ... arc all generators of the right 
circular rone generated by rotating the right-angled triangle 
OAK-about OK as axis. 

The pyramid is therefore inscribed within this cone. 

Def. The slant height of thf! ffustum of a regular pyramid 
ia the perpendicular distance betwoen parallel edges of its' 
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lateral faces; that (if the^fruxUim of a right circular cone is 
the length of a fjpner.i tor . 

Def. The mid-section of a frustum of a. p\ ramid or of a cone 
is a section parallel to its cuds and half-n'uy between them. 

Prop. 12. The aroa of tfie lateral surface of a frustum of 
a regular pyramid is measured by 

(porhnitor of m^d-section) / (slant height). 



Let the frustum he donoted by ABC*. . . A'B'C'. . . and 
the mid-seltien by abc . . . ^et the sj.mt height bej v 

The area of the face AA'B'B is eipial to that, of thoparal¬ 
lelogram formed hy drawing a paiallel to AA' through b, 
the mid-point of BB'. * * [Enc.i. 2S. 

It is therefore measured hy ab . 1, and I ho tot.J" lateral • 

surface is n . ab . 1, whure n is the number of lateral fifties. • 

* 

But n\ ab is the. perimeter of the luid-section, and the 
total area is therefore measured by 

(perimeter of mid-section) x (slant height). 
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Scholium («): The hiter.i.l surface of t. regular pyramiil is 
measured thy the sane formula. 

Def. The area of the curved surface of a cone is t.ho limit 
approached by the lateral area of an inscribed pyramid, when 

the breadth of each,lateral face iv indefinitely diminished. 

* 

That the lateral area of the inscribed pyramid does 
approach a definite limit is proved in the following 
scholium. 

Scholium (b ): Tho*curved surface of a right circular cone 
or the frustum of one is measured by 

(circumference of mid-section) x (slant height). 

For the mid-section of an inscribed pyramid is a polygpn 
inscribed wit'hin the mid-section of the circumscribing cone, 
and its perimeter therefore approaches the circumference as 
its limit. [Post., p. 107. 

Examples XIV. 

1. Prove the formula for the v’Jimue of the frustum of a 
triangular pyramid by splitting it up into tilTSIPtetrahedrons. 

2. Assuming the formula for the volume of the frustum 
of a triangular pyramid, deduce that of the frustum of any 
other pyramid. “ 

3. Two opposite faces of «. cube, A BCD and A'B'C'D' are 
cut by a plane meeting A^, AD in H, K, and A'B', A'D' in 
H', K'. Express the volume cut off in terms of the lengths 

of All; AK, A'H'and AA'. 

4. The voluL.e of a frustum of a pyramid of a height h with 
end f‘. 2 es of areas X, Y fall short of Xhat of a prism of the same 

height Hit. on a base of area ? (X + Y) by ^(>/X - a/Y) 2 ; the 

volume exceeds the prism of the same height on its mid-section 
as base by half this amount, that is, by 

P 2 (a/X-7y) 2 . 
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5. The volume of a tetr^hedron'is measmeil by two-thirds 
the product of |>e shut*4 distance between twd opposite 
edges and tlie area of l.lio parallelogram formed by joining 
the centres of the four remaining edges. * 

6. Ven'fy that the ^olumf of a truncated triangular prism 
is given by Simpson’s Hole. 

7. A plane divides AA', BB', CC', DD', parallel edges of a 
rectangular block, in till ratios 1 : (i, 2 • f>, f» : 2, mil 4 : 3 
respectively; shoA that it divides the block into volumes 
which are in the ratio 3:4. 

Through any given straight line one plain* can be drawn 
dividing a parallelepiped iJ?to two paito of equal volume. 

*9. If along four parallel fcdges # of a paralh-lepij, ed ulttances 
a, b, C, d are measured, the vojunie of the tetrahedron of 
which these four point* are vertices is proportional to 
(a - b + C-d). 

10. From two parallel edges of a triangular pri-an a piano 

which divffios the volunV. into two equal paits cuts off 
lengths a, b% witht length is cut oil from the third parallel 
edge? * 

11. A rhombus revolves about a diagonal: the area of the 
surface described is equal to that of a circle whose radius is 
a mean proportional between the side ot tin; rhombus !md 
the other diagonal. 

12. If ^ piano drawn thiougli 8no Mgo of the base of a 

legular quadrangular pyramid divide# it inu-f lwr» t;q»ual 
volumes, it must divide tin two lateral edges oppo*it,e*to the 
given tfdge in medial^section. [’62. 

13. A regular pyramid lias a triangular base, each sido of 

which is equal to a ; if the ratio of the area of totahsurfa&e 
volume be p : a, then tfie height is t»pa/(p 2 - 1 OH). • • 

14. The volume of a truncated triangular prism isVqmtl to 

the product of the area it*s right section into the distance 
between the centroids of its end faces. Can this theorem be 
extended t^any truncated prism? [Sec Ex. ?, p. 125/ 
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15. A plane which culs off n/constant volume from a 
triangular prism, passes through \ fixed pojit. 

16. The volume of a frustum of a right circular cone is to 

be 200 cubic feet, its height is to be 10 foot, and the radius of 
its base l,o be 3 feel; what must be the radius of the opposite 
face? [200 ft. 

17. What must bo the ratio of the radii c‘ the end races of 

a frustum of a rijjht circular cone in order that its volume 
may be half that of the cylinder of the same height on the 
same base? ['366. 

18. Calculate the area of curved surface, the total area, and 

the volume of a cone of which the meridian section is an 
equilateral .triangle, in terms of - one side of this triangle; 
what is the length of this lme when tho total area is 1 square 
foot and when the volume is 1 cubic foot? ['65 ; 1 fit. 

19. A symmetrical neap of stones has for base a rectangle 

30 feet by 7 feet, and a levektop 26 feet by 5 feet, and its 
height is 2 feot; find the voluimh [337J cub. ft. 

20. The volume of a truncated quadrangular prism of 
which two opposite lateral faces are parallel and rectangles 
of sides a, b and c, d respectively, the distance between 
them being h, is measured by 

Jh{(a + c)(b + d)+ab + cd[. 

21. The whole surface of a right circular coneys equal to 

that 6? a circle, the' diameter of which is a mean propor¬ 
tional between the baso and perimeter of any meridian 
section. , 

,22. ' f tho curved surface of a frustum'of a right circular 
cone haj an area equal to twice the difference between the 
"areas of the circular ends, the semi-vbrticul angle of the cone 
is 30°. 

23. Divide tho lateral area of a right circular cone into n 
equal parts by planes parallel to’the base, 
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24. Tho curved sifrfsic^nf a rigfhfc circular conn develops 
into a circular sector of an,*le a ; show th.lt the senfl-vertical 
angle of the conejis sin 1 (<»/27r). 

25. Tho volume of a right circular com* is one-third of trim 

product of the area of its whole surface a\d the radius of the 
inscribed sphere. * 

26. Tho curved surf ice of a solid light circular con o, of 

semi-vertical angle a, anA altitude h, rolls on a horizontal 
plane, the vert ox Uoiftg fixed. Kind I he area of the curved 
surface of the cone generated by the axis. [Vh 2 cos a.] 

• 

27. A cylinder is inscribed in a tight, circular cone, and 

it.-' height is one-half that (S’ the cone; prove that it* volume 
is l.hreo-eighths that of the cone. Also lind thojruf in «nf tho 
curved surfaces. *' [J. cos«. 

28. The volumes of tho figures produced by rotating a 
rpgular hexagon about the lines joining (i) opposite vertices, 
(ii) mid points of opposite side/i, are in the ratio *91). 

29. If Afi is n ^generator of a frustum of a right circular 
cctao and A'B' is its axis, and OP bisects AB at right # a.*iglcs, 
cutting A B' in O, the area of its curved surface is measured 
by 2r. A'B'. OP. 

• 

30. Tho surface areas of the> figures produced by rotating a 
regular hexagon about the lines joining (i) opposite vertices, 
(ii) miJ-points of opposite sides, aA in the ratio -99. 
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THE SPHERE’ 

44. The Area of a Spherical Zone. 

Dof. A zone <>f a spherical .surlacc is tlio portion inter¬ 
cepted 1 hetwwon two parallel planes. u 

Scholium: A zone of a sphere may be supposed to be 

generated by rotating an 
are of a circle about 'a 
diameter. 

Def." w $f~fl, surface of 
revolution bo produced 
by rotating those sides 
of a regular polygon cir¬ 
cumscribed to a circle 
which touch a 1 given arc, 
about some diameter, 
the limit whi^h the area 
of 'its ciirvod surface 
approaches when the 
ntf.abcr of sides, of the 
polygon is indefinitely 
increased is the area of 
the spherical zone gener¬ 
ated by rotating the given 
Km. 8t. arc. 

That such a limit, exists is proved in the following pro¬ 
position “ ’ 
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* Prop. 13. The are*of ai# zone of a sphere is measured by 

2ir (radills of sphei'e) x (thickness’of zone). ’ , 

Let 0 be the centre of tlio sphere, ii»M let the normal 
drawn through O to the planes, which drlcrmiuo the zone, 
meet them in a, b, and let ;*n) plane thiutigli ab meet them 
in two chords AaA', BbBV 



Fid. 85. t 

The zone may be c..nsidehed as produced by rotating the 
figure aABb about db, and its area is Ihe limit approuchefl 
by the area of the surface of revolution which is producc»l by , 
rotating the sides of a regular polygon circumscribed to tipi * 
arc AB. 

• • 

* This theorem is proved by Archimedes (237-212 B.c.) in “The 
Sphere and Cylinder,” 13k. i. Prop. 33. 


K 
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Lot PQ lx* iin\ uno of Mu* sido/of tlits polygon; if R is its 
point of eonbict, R is, In- symmetry, the,mid-point of PQ. 
I'Pt P, q> r lie projections on the axis ab f.f P, Q, R respec¬ 
tively; anil let RM lie drawn parallel ti, ab, meeting Qq 
in M. 

The side PQ traces out t.lie frustum of a conical surface, 
the area of which is ineasin ed by 

2.r.Rr.F'Q, [Sell, (ft), p. 140. 


2ir. Rr moasm ing the perimeter of its mid-section. 


But the triangles ORr, PQM are similar, because each 
•side of one is perpendicular to the corresponding side of 
the other. 1 


11(nice 

hut PM pq, whenci 


OR_ PQ 
Rr ~ PM ’ 


[Euc. vi. 4. 


Rr. PQ^R . pq ; 

ana the aiea traced out by PQ is therefore given by 


2ir. OR . pq. 

'By adding tin* areas traced out by each side of the polygon 
wo obtain 1 

2?r OR . (project,ion on ab of the perimeter). 

But by making the sides of t.l e pohgon smaller and smaller 
wo can make the projection on ab‘*of the perimeter differ 
from ab by as little as fre pi east. 

f- 

The limit approached by this area, that is, tho area of the 
zone, is therefore 

2 ir . OR . ab, 

which is 

2/r (radius of spheie) . (thickness of zone). 
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Scholium (a).: Tko an . of thctulmlc >pln*ri«.^il surface is 
4rra*" where a is the radium *f tin* spline. • 


Dcf. A spherical cap is 1 lu* portion n! . uheiienl surface 
cut oil’ by any piano; its pole is tho point in which it mdbts 
the diameter norm.>1 to 
tho plane by which it iA 
cut off# 

Scholium (h ): TJio # nrca 
of a spherical cap ot height 
h, on a sphere of radius a. 
is ‘Itrah. 

«l Laving now obtained a 
meaning for the area of 
any zone of a sphere, we 
have also given a mean¬ 
ing to the atea of any 
portion of a. spherical 
surface w4iieh can bo% I' kj. si;. 

formed by •the Addition 

of zones or their subdivision iido congruent portions. By 
this sort of process we can now give a meaning to the 
area of any portion of a spherical surface; the area of 
any spherical triangle is d'talt with in the concluding 
section. 



45. Tfte Volume of a Sphere. ’ 

Def. # A polyhedrofi is circumscribed to a # surface^ when 
every surface is a tangent*phm°- 

Post. The area of ,my portion of a spherical Airfare i£ 
the limit approached b) .tlTe area of a circmnse.rih^l poly¬ 
hedron when every face is indefinitely diminished, and the 
volume cut off by the sph^rifcil surface is tho limit of that 
cut o£E by the polyhedral surface. 
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Prof. 14 . The volumd of a a/lid Which -is bounded by 
a portion of spherical surface, of area A* and the conical 
surface joining its boundary to the cent/a of the sphere, : 
which iB of radius a, is 


Suppose a polyhedral surface with a large number of faces 
to be circumscribed to the surface of area.- A; the 'volume 
requited is the lim'it approached bf the sum of the volumes 
of the pyramids on these faces as base's, with a common ; 
vertex at the centre. They are all of the same height. 

[Prop. 28, p/30. 

Therefore their volume is measured by 
* - • ga (area of polyhedral surface). 


But the limit approached by this area is the area of the 
spherical surface which is A, and therefore the volume of the 
* solid bounded by the spherical 

sUrf^ce and the coqe is 

o 

^aA. 

> * Scholium (a): The volume 
ef the whole sphere is 

. 4 



swa*. 


3 


. 6 
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Def. A spherical sector £ 
the' portion of a sphere inf 

* 1 ._ .A. _ 


“ a jfuij/iuu ui a sphere ut> 

dudejl within a right circular’cone with its vertex “at thl 


Schqliiim (>): The volume of a spherical sector of ) 
ingle fl ( is < , 

2 

gTa*(l - coo *)■ 




%«• xii. 18 shows that the ratio volugp j a» is. constant.,jj. 
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46. The Volume of a Spheric^ Segme 

Def. A segmmt of a sphere is a portion cut off by auy 
plane; it is bounued by a spherical cap cud a plane section 
called its base. 

Def. A frustum of* a sphere is a portion cut off between 
two parallel planes. 

Pbop. 15. TSe voluBf of the segment of a sphere is 


■ be regarded 


measured by 


1 1 

irh l (a - gh) =*'girh(h 2 + 3r 2 ), 


where a = the radius of the sphere, h = the height of the 
MOpent, r=radius of the base. 

VVjet the diameter HK dr&wn'through O, the centre'of the 
sphere, normal to the base 
of the segment, meet it in 
C- Let AB be any diameter 
df the base so that we have 

OH^a, CH = h, % 

CA-CB-V 

~ The volume of the seg¬ 
ment is the difference be¬ 
tween the volume of the 
spherical fee tor OAH B and 
the, done OAB. It is there¬ 
forei measqjed by 

laSwah - |oC. irr*. 

o • 0 • 

j^sBut 00 - a - h. whence? denoting the volume by V, 





V■= jg(2a 2 h - (a - h) r ! ). 


(IS 


*, .From this result we oan eliminate either of the < 

6,' by making use of thesequation 

ifc tI A AC 2 -CK. CH. [Buo. iii 35 
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PiifiP. It bo written 

a portie- 


r J h(‘2£f- h, 
or h 2 + r ; -= 


‘■ h ’l • I- 

2ah.i ' 


Eliminating r wo have from equations (1) and (2), 
V = Jir{2a a h - h(a h)’(2a-h)} 


( 2 ) 


^h^a- h). 


Tl>at is, 


V=-irh 5 (a-; ( h). 


Eliminating a, wc have from equations (2) and (3) 

v “' h (^’ + l r " J i h > 


(3) 


Which gives V— -irh(h 2 + 3r 2 ). . 


« 


' 47- The Area of a Spherical Triangle- 

Def. Any one of the four portions into which a spherical 
surface is divided by two'diametral planes is a luno; the 
angle of the June is the angle between the pair of half¬ 
planes which bound jt. 

/ . .• / 
fc'T'Kor. 16. The a J rea of a lune of a sphere is measured by 
2'a 2 , where is the circular ifieasure of the angle, and a 
is thf radius of the Bphe^e. 1 

•Two,limes of equal angle on the same sphere are con- 
gruen^/and therefore of equal area. 

5Jy subdividing both lunes into a large number of equal 
lunes, an exact or approximate measure of the ratios of the 
angles or areas of the two limes can be found; and thoso 
ratios ave necessarily equal. 
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Hence, sinco.lho whole opheruu| suifiee may In* regarded 
as a luno of angle 2ir, we obtain 

I area of luno 0 
area of .sphere LV 

Hut the area of the .sphere is 4ird a ; [Sell, (a), p. 147. 
and hence the 

areafif lulle —20a 2 . • 
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• 

Def. A spherical triangle i.w the figure formed by the 
intersection with » sphoiieal suff.im <»f a lnhedial angle 
which habits vertex at the centre 1»f t.flr .sphe** , 1 ho angles 
of a spherical triflngle arcs* the dihedral aHglos «of .the 
trihedral solid angle. 

• * 

Def. The sum of the nUeasnrcs of the angles of a spTi erica], 
triangle less the measure of two light angles is called*tho 
spherical excess of tho.triangle. 

In the triangle ABC the spherical excess is 
(A + B + C - it) radians. 
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17 ■ The area of a spherical triangle is measured by 
(Ah- B i C - ir)a f , ivlicre A, B, G are the circular measures 
of its angles and a is the radius of the spl/ere. 

,Let the opposite extremities of the diameters through 
Him. points A, B, C, be tho 
point,s A', B', C'. 

If " o add tlje limes ABA'CA, 
g BAB/CB, we obtain the hemi- 
1 sphere ABA'B' plus the triangle 
ABC less the triangle CA'B'. 

Ilut the triangles CA’B', 
C'A3 can be divided into con¬ 
gruent portions, , 

|>h. (a), p, 97. 
and therefore are of equal 
area. 



Fig. !)i 
If tlnv’oforo wo adtl 


li(‘ third lune CAC r BC we obtain 
an area equal to that of the hemisphere ABA'B'plus twice 
the tmnglc ABC. ' 

^ ut •* ll ° M1 ' n ot fl 'e areas of the limes is measured by 
^(A + B + C)a~, and the area of the hemisphere by 2na 2 . 

The a,oa of tie triangle ABC is therefore equal to half 
them difference, that is to (A V B + C - ir)a 2 . 

, i Examples XV. 

fe’h.f" 1 ' 1, f "l HI ) r8 ' mi,os > <ne area of that portion of the 
Kartlrs surface which should be visible from a tower 200 feet 

u ®''/ r • * [952 sij. miles. 

2. What should bo the distance apartc.of two ships when 
-wo ine^j, each 40 feet above the level of the sea, can just 
iee oup another? , • [15-6 miles. 

. Sll0 ' v tIie <1*P "f the horizmi\ud the extent of 
nsion at sea from a 1,eight bf'x feet are approximately 
^ } V* minutes and 1 "23 x miles respectively. 
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4. Tf a solid .splio#e of i.nlius albo viewed by an eye at 
.1 distance c from the eeivio, find llm iiim of the visible 


portion. 


[*J;ra 2 - 2 ir u 


5. If the Moon’s radius al^l disl.mee lx; respectively 1000 

and 240,000 miles, find»(it; miles) the distance of the edgo of 
the visible portion fiom the bound.uy of that hemisphere of 
the sphfire vliich*is nearest to us. miles approx. 

I • 

6. A sphere of Radius r and centre O is cut by a right 
circular cone whoso semi-veitic.il angle is a. and vertex O. 
Show that the area on the sphere included within the 
cone is 

2irr 2 fl - cos a) 


* • • • 

?. A sphere is cut V>y two plains which meot4n a tangent 
line to the surface, and enclose vqua.1 ancles a, on opposite 
sides, with the diametral plane through the same line. Kind 
the area of that portion of the spherical surfaee which is 
included between them. [■lirV-* sin a. 

8. S,, Sj, are the areas of the inner and outer surfaces of 
a spherical sliell ot thickness t, and s' is the area of the 
spherical surface half way between them. From Simpson’s 
Rule or otherwise prove that the volume of the shell is 


Af( s i + 4$'+ s.,). 

9. Pipve that a plane bisecting a radius of a sphere at 
right angles divides*the volume of Jhe sphere into two paits 
in the ratidlof 5 to 2£. 

10. A gasholder has a diameter of HO feet, and the holiest 

point of J;ho roof, whicl*is spherical, is 0 feet, aftove the level 
of the top of the walls. Fiiyl now ufuch the capacity exceeds 
what it would have*becn if the roof had been flat. . 

[ 183H cubic foot. 

11. A cone is made from*a piece of metal whose form when 
developed is a circular quadrant. Khow that its content 
hoars to that of a sphere having the same radius as the 
Quadrant the ratio of -015. 
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12. If tho volume of a/uniform spherical shell be estimated 
by multiplying the thickness (t) into the area of the spherical 
surface which lies half-way between 111 # inner and outer 
surfaces of the .shell, will the result be! too great or too 
small ? [The error is twice the volume of the sphere whose 
diameter is t.] * * 


13. A plane perpendicular to tho base of a hemisphere, 
determined so as, to cut oil a portion such that the area of 
its curved surface is equal to half that, of the base of the 
hemisphere, bisects a radius of the base at right angles. 


14. Through any tangent line to a sphere of radius cm., 
planes are drawn meeting it irf circles of radii 3 and 5 cm. 
respectively; show that t,hq arpa of the surface intercepted 
between th'iim may be either 320 or 70 sq. cm. approxi¬ 
mately. 


15. lens, plane on one side, spherical on the other, hap a 
diameter of 1 i in. and is | in. thick; find the radius of ths 
spherical surface and tho volume of the lens. . 

j irs; .36 cub. in 

16. The Temperate Zones on the Earth lie between lati¬ 
tudes of 231“ ynd 66|“; show that the areas called Arctic, 
l’pmperate, Tropical are roughly in the ratios 2:13:10. 

* . J 

17. Determine the semi-vertical angle of a spherical sector 

such that the aroa it itspconical surface is n times that of tho 
spherical portion. , «. , .' * [2 cot _I 2n. 

*' . >■ 

18. Dctern ino a plane which shall ,eut a sphere so that the 
arerf of its section is equal Vo ( tho difference between the' 
areas t of the two caps into which it divides the spherical 
surface. [Its distance from the centre is '236 of the radius. 

• 19.‘Two spheres of radii 13, 15 respectively intersect in a 
circle of radius 12, whose plane lies between the centres; 
prove that the ratio of the areas of each surface included 
within, the other is 52 :45. 


( 
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20. A portiorf of a* spherical snrtice is cut olf between a 
movable piano and a fixed pl-ino; prove that, if its area be 
constant, tlio movalilo plane touches a certain sphere. 

21. If A is the pole of a spherical cap ancf P is any point, on 
circumference of its baijp, th# area is meaufired In *■. AP 2 . 

• * 

22. Cut a solid sphere by a plane so that the whole surfaces 
of the t^o portion* may he in tlio ratio of 2 to 1. 

[The heights olttho segments haVe the ratio «3G6. 

23. The area and volume of a cylinder circumscribed to a 

sphere are respectively half as large again as tlio area and 
volume of the sphere. ^ 

^. In a given sphere determine a segment, the volume of 
which is n times the volume*of si^ono on the suwo base and 
of the same height. The semi-vertical angle of the corre¬ 
sponding sector is 2 tan ' 1 (2n - 3)h 

25. A solid is formed by rotating a circular sector j)f angle 
30° about one of its straight edges; compare its volume with 
that of the complete^sphere? [-0G9. 

2G. The volume of a frustum of a sphere, of height*h, tlio 
ends of which have radii Pj, r 2 > is measured by 

^irh(h a + 3r 1 2 + 3r. J -). . 

• • 

27. The Volume of the frustum«of a sphere ^nay bo found 

by Simjfson's Rule. * • 

• * 

28. Estimate (by gimpson’s Jlule) the volume of a cask 

3 feet high, the diameter of either end lfeing 2 feet, and the 
diameter of the mid-se^tiofl feet. [1^0 cubic feet. 

29. Estimate the velum* "of th# cask in the preceding 

question by supposing it divided into two equal frustums 
of a right circular cone. * [12*0 cubic feet. 

30. If a ’concentric spherical hollow of two-thirds its»radips 
is mado within a given sphere, and parallel planes are drawn 
to touch the spherical hollow, the volume included between 

' fhem is to that of the given sphere as 5 : 9. 
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31. If a quadrilateral bo described Von the surface of the 
earth, having tluue angles, right angles, and the two sides 
adjacent to them equal, and the radius offtho earth bo taken 
to be 4000 miles*, the equal sides must uo nearly 40 miles 
i'n length in order that the fourth angle may exceed a right 
angle by 20". * 

*32. The base AB and the area of a spherical, triangle 
ABC being given, the locus of the vertex C is a small circle 
whith passes through A', B' tin? antipodal points of A, B. 
( Gp . Ex. 29, p. 104; the sum of the angles at A', B' can be 
shown to differ from the third angle of the triangle A'B'C 
by a constant amount.) 

i 

33. If the tangent cone drawn to a sphere, <r , from any 
point Q be/lenoted by t, th'o arias on the surfaces cr, r, lying 
between concentric spheres, centre O, are equal. 

(Note that Prop. 13, p. 145, is a special case.) 

31. Prom considerations of* area show that any angle of a 
spherical triangle is greater tha<» half the spherical excess, 
and hence that two sides of a triauglt^tre together greater 
than the third. 


Lexell’s Locus, 1781. 



ALTERNATIVE- TJLeATMKSt OF THE 
FUNDAMENTAL PROPOSITIONS* 


2, Existence Postulates, 

• 

1. General Existence Postulate. Thur en'd m spare an nn- 
lill. '!'d number of mutually inteisn bug suijans talhd plants, in at <h 
plan man unlimitul uunthr of intijnally intii<n bin} itn> ■> talfnl draught 
lints; in each straight line an unhinUuiyi'nihn of point?, * 

Notation. Planes will be denoted l>\ Greek letter-, a, y, 
. . . st,i.light lines by small Homan letteis, a, b, c, . . . and points 
by capital 1 toman letters, A, B, C • . . 

• 

2. Existence of Straight Ir'ites Postulate. Though two points 
A, B there existsjnie air'+uitg one .straight line. 

Notation. The straight line containing two points A, B will 
be denoted by AB or BA indillorently. In the pit M-nl cii.i]• r AB 
is taken to refer not only to the segment, lying between the points, 
but also to all the points beyond A ^nd beyond B. 

f Cor. 0 Two straight linn whirh i.itetyrt do so in owe point only. 

For if they ^net in two points, Post. 2*\oiiIfc be mnWadicted. 

Scholium: Giv.n any point £ and a Straight line lT"nbt 
containing A, there exist an •unbnnted nmnl*er of sli.uglit*lines 
containing«A and some poftit in b.. 

For in b there e\ist # an unlifnitcd number of points X, Y, . . . 

LjVst. f. 

•. • 

* Letters are chosen, except, in jtlft ease of lV»p- 1 ana 2, so (Jiat the 
figures drawn for the ongind to* ilmcnt are still applu*ihle. • 

•f Only theoiems which are m fact implicitly contained cither in the 
onunciation or the proof of a pfbp^sition or postulate will be called 
Corollaries; othor deductions not important enough to tank ris«propuMtion8 
will be called Scl^liums. • 
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an<l given tin* pairs of jn»ii^ts ? A ami X, Ar-iml Y, . . . there exist 
a coi 1 e 1 '] lorn 1 1 ng nnpihci o| ,s! might. Imr« AX, AY, . . . each con¬ 
taining A and some point m b. ' | [Pont. 2 . 

3. Existence of*. Planes Postulate. Thi^n/h ami s h night hue 

a! find a point B ontmh it th' 1 * 1 ' 11 sts t‘itr ami truly nnr plane. 

Notation. Tin* plane ulneli o.nf.un^ n straight. line a and an 
external point B m denoted I>\ aB, ami I lie plane which contains 
llie straight line AB and the point. C outside it. is denoted by 

AB„,C- - # 

Def. Two straight lines aie parallel it tliev 
(1) lie in one plane, 

(11) haw* no common point, 1.1. do not meet. * 

4. Existence of Parallel Straight Lines Postulate. Tlunugh 
1 mg p >int B outxiilr a sfi.iiaht Iw>■ mjliae 1 nt.lt> in the plain’ aE** out', 
vntl mitii one* straight !im uhu*., tlm-s not writ a. 

Cor. (1). Tlu'iinih aiiji point B out suit’ a striwfht line a time exists 
sue. ami only on* shanthj lint■ painllcl to a. 

Cor. (fib Krmj st might lim ?, Inrmi in a plane a mw.t nmt tit least 
one of an if I wo yiien inhibit nnj sfunphl huts BA, BC«/</<m/ in u. 


3. Intersection Postulates and Deductions. 

Def. All the*points common to two planes form their join or 
the trace of one plane upon the other. 

* 5. Intersection of Tdro Planes Postulate. The pin of two 

plains a, (1 iri.ich hare a eo/tmwn /mint A a shaijhf Iifte though A. 

Notation. The & might line which is the join of two planes 
a, fi is denoted by («/>). * » 

. , > . . r * 

Cof. Though two pit rat ’el straight lines a, b flair exists one and 
only one plane. « 

(I'W there is one plane by definition, and there can not he two, becauso 
1 two planes would then have two *di,iiL,'hl Imo-. m coninion, which contradicts 
tip’ populate ) , 

Notation. The plane containing two parallel straight lines, a, b 
is denoted by ab. 


Cp. Luc. xi. 3. 
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The following three 'iieoiems an* desalted .is pnsiulafes bet ause 
their piuol's invoke supno.ll iu^i.s w hum seem aJiMinl to ;i beginner 
unused to logical uiMrachon-.. Neveitheless, bu* the inteiest. of 
more advaneud studuits piook :ir» appended <d> .v, mg that they are 
implicitly contained in tin* pioceding (i\e posti.kiie.. 


6. Intersection of Straight* Line and Plane Postulate. If 

a plane a /ms a point A > '< rmt/mfft mth a s haniht line AB, it nth i 
contains //or /«»' no otlnr point in common nith it. 

Fur siippu e that A inVets AB in a see.-ad point. B, tli. ro exists miPide AB 
and tho piano a n point X. J • [I’M. I 

Throinrli tho sti'ii.-ht line AB and tin* pt ml X nutsnlo n then. . xisf.s !t 
piano ABX. [Post. 3. 

Tho ^>in of the two pl.im-s u, ABX, whs It Inn Iho points A, B in common, 
is a .stiaigl.t lino < uiilumin- A, B I |\.s| f». 

I 

t, gncn two points A, B. tin n i- "in, and only ono s'landit Inn* which 
ton.«i f ls both, i e tho Mraudit, lino AB % [P^ist 2. 

That, is, a either (i) has n soeon.l p*nnl micmiitnoii w il h Alf, and * out.mis 
ft., or (ii) has no other point in common w’.llj it 


Cor. The whole of the straiifhf line joining A, B tno points of a 
phyic a lies in a. * 

Def. A straight line whichjh.is only one point in common with 

a plane is said to cut it. 

• # 

7. Existence of Planes Postulate. Thmwih tIn>c point's not in 
one straight line iheie, ni\ts one anil only •>n< plane 

For thioiigh two points A, B there exist*- one and onjy one st might lino 
AB. t [Post. 2. 

Through tho fine AB and the point C out‘#dc if- tlieic exists ono nml only 
one plane AB, C. , » [Post. 

Lastly, tho piano AB, C must coincide witi tle-Yl-ims B<J, A and CA. B, 
because otherwVo *1 wo planus would hav^in eommi.n tlnoe po^.t‘ not in ono 
straight line, which*'ontraaiots Post. :«. • 

# i • 

Notaticjn. The ]ilane Jlimngh three points A, E# C not in one 
straight lino is denoted by ABC. 1 « % 

8. Existence of P'Aues Postulate. Through two stran^t lints 

a, b meeting in A there exists one anti only one plah> ' 

For in tho straight line b 4 hcre e*i.*fl> some point X otlu i (ban A ^l’ost. I. 

This jKiint is outride a, l.te.iuso otlicrwise. through A, X, there would bo 
two straight linos a, b, whien LuutriiJiUs Post. 2. [Post. 2. 
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Through tlio «t,rnight lm» a and the point X outside, it there is otio and 
only oim plane aX [Post. 3. 

Tim whole of the straight lino b johnny A, X. two points of the piano aX 
hos within it [1W.. (5, Cor. 

/Thai is, there is one plane. aX, containin'.’ a, b 

Them is only one, because if there were two pianos containing a, b, then, 
through the stiamhl lifu* a and the poim X outside it, there would ovist two 
planes, which eonliadiets l*od. 3. [Post 3. 

Notation. Tim plum: containing two straight linos a, b mooting 
at A is denoted by ab. 


4, The Relations between a Plane and a Straight Line, 

Def. A straight line and a pla;ic arc parallel if they have no 
common point. 

Prop, l. If a straight liiie a is parallel to any straight line 
b within a plane ft, it is either parallel to ft or contained 
by it. 

For a,’b being parallel are contained by a plain' ab. [Dof. 

The plane ab is cither different from the plane ft or is identical 
with it. 

In the first case, the join of the two planes ab, ft is their common 
line b. [Post. I>. 

Therefore nny’point common to a (winch lies in ab) and ft lies 

in'fe. 

But a, b have no point iircommon, ■ [Def. 

theiefore a, fr ha\e nd poiift m common, and arc para) 1 el. [Dof. 

In 4 tne second case,-a is contained in ft. 

Scholium : Conversely, if a straight line a is parallel to a plane 
ft it i. parallel to some line, through each point in ft. 

In tho piano ft consider any point X 

Through tho straight lino a and tho point X outride it tlioro exists a 
‘piano aX. » [Post. 3. 

Tho jr ; n of tho planes aX, ft, having the eomnion point X, is some straight 
lino XY. [Post. 5. 

Since tho straight line a and the pin ic ft havo no point common (Dof.), 
tho straight lino a and tho straight lino XY (lying in ft) havo no point in 
common X, and (being in tho same plane aX) they are therefore parallel. [Dof.' 
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Scholium ('/):''Any plane a which jpa&«rs through .1 point A 
outside a line b ami is parallel. to b contains the line through A 
parallel to b. 

For, as in 1 tin last scVdimn, the join uf Hie |.l mes a bA, ;i dr n L dd line 
thrunuh A parallel to b. '* | post- ;{. 

Scholium (ft): Thrombi, uiiy’imiut A oiit-Vle a plane fj then* 
exists ail unlimited number <n .slought lines puail.d to /> 

F'T in Urn piano ft thou; exist an unlimited numbni of mill ii.iHv interse | 
ins' siMight linos. * , p,, S | j 

Through A, a point «>upnl-; ca«ti of thc^odi u-ld lines, || h |< . xids oik 
and only one stiaight line pm Hot to each Dim of tlie>n 1 Post 1,1,11. (1) 

Those linos au* all didimt, hei.nisu otherwise two inteisi , ling sfj iijrlit 
lines i ft would ho paiallel to Ihu same sfj n-ln lino thiou; , h A, whnh 
contradicts Post. 1 . [pod. I,«\,r p). 

r * ’’ lines hhinugh A being all paiallel to diaight lines in/Jut" edhei 
pm.U- I to ft 01 eont lined in ft ^ [ Po>p. 1 

Finally, A is outside ft, and ihei< foie tlicdi lines run not, he cnntunu d in ft , 
they are thereforo all parallel to ft. ^ | |vf 

The possible relations between a straight hue a and a plane /J 
may now be stated :— 

The plane ft may (i) conlajn a* 

0^) 1 lit a in oik point, 

( 111 ) he paiallel to a. 


6. The Relations between Two Straight Lines. 

• 1 

Def. Two straight lines a, b are eo planar if some plane a exists 
which contains both a cjid b. 1 

Two straight lines a, b aie skew if th^v ar^ not eo-*planar ; that 
is, if no plane exists wlifth contams*bolli. * * . 

• » 

Cor. (i) Jo Post. fi. If Jwo*straight lines a, b ai* co-planar, no 
plane can contain a and cut b in a point,£ out side a. % 

For if such a piano a ousted, through the si 1 .n^lit. lino a and thrjtoint C 
outside it there would exist two planes a and aC, which contradicts l % T»st. 0. 

Cor. (ii) to Post. 5. If any plane a contains a straight linc # a and 
cuts another line b m a point (j external to a, a, b are '•ken * * 

For if a piano ft existed containing &• b, then, Uiiniiyh tho straight lino a 
and tho point C ouUide it, there would exist two planes a, fa whnh con- 
liUdicts Post. D iPost. 5. 
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Cor. (in) to Post. 5. If ji plane a cuts a#<straigl>fc line b in B, all 
straight lilies in a,.except those through B, are skew with respect 
to b. ’ 

For if there be any striiight lino a in a not paving through B and not 
slow with respoit to b, thoro would oxisfc a plane containing a, b, and 
through the straight lipc a and the point B outsido it’there would exist two 
planes a, ab, which contradicts Post. 5. » [Post. 5. 

The possible relations between two straight lines may now be 
summed up as follows :— * 

i ■* t 

Two straight lines are either • • 


Intersecting 

i 

Intersecting 

Nfn-intersecting 

% 1’arallel 

Skew 

Co-planar 

1 

Skew 


^ r 


6. The Relations between Two* Planes. 


Def. If two planes have no common point they are parallel. 

Prop. 2. Through any .point A outside a plane Ji there 
exists at least one p’ane (Parallel to fi. * 

' I 1 ' 

IirHhe p’tane fj there exist two intersecting straight lines 
XY, £Z. • , [Post. 1. 

(. c 

Though the point A, Ofitsi<le*'the straight lines XY, XZ, there 
exist straight lines AB, AC respectively parallel to XY, XZ. 

' ’j, [Post. 4, Cor. (i). 

#» i 

The straight lines AB, AC, partil]el respectively to .the straight 
lines XY, XZ within the plane (3, are parallel to j3 or contained 
by it o d [Prop. 1 

* Tint there is only one is proved os a corollary to Prop. 4. - * 
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Since the point-A is #utside ft AB, AC are not. contained in ft 

and arc therefore parallel to /j, * # 

Through the straight lim-s AB, AC meeting in A tliuie exists a 
plane ABC ; it remains to he proved that ft ABC are paiallel. 

[Post.*8. 

• * 

Since AB, AC are pantile 1 t**tho plain* ft no straight line in fi 
meets AB or AC. [l>cf. 

Also, every stiaigTit line in the plane ABC nyjet.s one at least, of 
the two interse&ing ljnr# AB, AC w ltlmi it, [Post. I, (.Mh (ii). 

Therefore the planes ft ABC have no straight line in common. 
Heneathe planes ft ABC luxe no common point, for their join, if 
they have a common point, is .^straight line. [Post. 6. 

'that is, the planes ft ABC are parallel. ^ 

Cor. (i). If two intersecting shaiglft linn AB, AC lire cacti. parallel 
to a plane ft the plane containing thent y ABC, is parallel to ft 

* Cor. (ii). If two intersiding straight lines AB, AC are respec¬ 
tively parallel to two intersecting straight liws XY, YZ , § the plane 
ABC containing the first paii is parallel to XYZ, that containing the 
second ]>air. * * ^ 

the relations between two planes may now he summed up. 

Two planes may either ( 1 ) cut m a straight line, 

(ii) be parallel. ^ 


,7. Three Planes. 

Prop. 3 fa).’ The jpins of thjee planes a, /?, \ no two of 
which are parallel, are coincident, con?urrent, or m^tuAlly 
parallel |traight lines., * m 

t (b) If two planes a, fi efe parallel, and neither is parallel ' 
to a third plane y, their joins with y are parallel. 

(a) For the three plane* either 

(i) have two points*A, B or more common to all,. 

(ii) have only one point A common to all, 
or (iii) have no point coAnfbn to all. 

* Euc. ii 16. t Eao, it 11 
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I. * 

In the first case, the straight line AB joining *thc points A, B 
lying in the three planes «, ft, y h also common to all. 

[Post. 0, Cor. 

> the second ca*-e, the joins of the planes a and ft, ft and y, 
y and a , which all have iheVomnyii point A,* are three straight 
Tines concurrent in A. * * [Post. 5. 

In the third ra.se, the join of the planes u, ft, which have a 
common point (not being parallel), is a sti.light line (aft), and 
similff.'ly the joins of ft, y and y, a ai{; (fty) and (ya). [Post. 5. 

But (aft) and (fty )are in the same plane ft, and have no common 
point, because otherwise that point would be common to all,.three 
planes a, ft, y. They are therefore parallel. [lief. 

Similarly (fty) and (ya) are, parallel, and also (ya) and (afj ); 
that is, t*ie tlAee joins arc mvUially parallel. 

(b) If a, ft are parallel, the joins (ay) and (fty) can not meet, for 
if they did these would, be a point common to a, ft, and y, which 
contradicts the hypothesis that ft have no common point. [I)<jf. 

But (ay) and (fty) lying in the Line plane y anVl having no 
common point are therefore parallel. m ' [Bcf. 

Prop. 4. If two planes a, ft are each parallel to a third y, 
then a, ft are also parallel. 

For suppose that a, ft have soirie common point A. r 

In the plane y there exists a point Z, [Post* 1. 

and in the plhne ft tnerc exists a point Y outside r *,he plane a 
and,ti'k straight line AZ. ' ' 4 [Post.!. 

Through the**hree points AYZ not in ono straight Vne there 
exists (, plane AYZ. o * [Post. 7. 

Since *thc two parallel planes a, y have respectively common 
'points A( Z with the plane AYZ, their jojns with it are two parallel 
,straightjines AX, Zw (say). * , [Prop. 3 (b). 

Since the two parallel planes t Q u y have respectively common 
points Y, Z with the plane AYZ, their joins with it are two parallel 
straight line^AY, ZW. [Prop. 3 (6).' 
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• 

The two straight lim* AX, AY nre (’.istim t, bceans.* tin* {joint Y 
was chosen outside the plane us tnoiefone outside AX, which 

is contained in a. 

Theicforc, through tin* point A, outride thl? sir right lmc ZW, 
there exist two straight lines ^X, AY, hotli parallel to ZW, winch 
contradicts Post. 4, Oor. (.). ^ | Post. 4, Cm. ( 1 ). 

But tl^j only assumption that has been marie i.s Lin* initial one 
that a, /j have, a coiTlmoii {mint A ; that is now proved impossible, 
and a, /3 are therefoie p;uallct. * •( Def. 

Cor. If a plane, a cuts one of two parallel planes fj, y, it cub the 
other i.e. through any point they Is only one plane pumlUi to a 
given plane. * 

!'’<*- supposo a cuts ft, thon if a did not cut 7 tho pi,men a, ft would bo 
parcel to 7, and therefore) piraltel to^onu .uintlmr, whieh^onlr^lifts tho 
original hypothesis. • 

• 

The possible relations between three planes may now he summed 
up as follows:— , 


t 


. * 

• • 

Blancs • 

.Joins 

• 

No two parallel 

Coincident, three coin urrent 
or throifcparallel 

• 

Two paralle^ 

\ Two paftillel 

_ # \_ ..... 

». • 

' Three mutually parallel 

• * 

# • None * 

• 

- m - — 


8. Two Planes and a Straight Line. 

Prop. 5. .If two planes «,./? are parallel, any straight line 1 • 
which cuts a in some point A cuts fi also. 

9 • 

There exists a point B in the plane B outside the straight-line L 

{Post. L 
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I < 

Through the straight liifQ 1 and tile pdint B outside it there 
exists a plane IB- r * [Post. 3. 

Since the two planes a, /i are parallel, and thpy have respect ively 
points A, B cnminffn with the plane IB, their joins with IB are 
two parallel straight, lines Aft, BY /say). [Prep. 3 ( b ). 

^ t 

The point A, lying in the plane a 'which has no point common 
with /?, is outside ,my straight, line BY lying in ft. t 

r 

Through the pni'nt A, outside themtraight lmc BY, there exists 
in the plane IB one and only one straight 'line, AX, which docs 
not meet BY. [Post, 4, 

That is, the straight line 1 meets BY, and therefore cuts tho-plane 
j8 also. • 

Coll , If tiyo planes a , fi arf> parallel, a straight line 1 whiiit is 
parallel to or containetl hy fi r.. parallel to or contained by a. 

For if this were not. tiio easo Prop. 5 ivoulil ho contiadictod. 

Scholium (it): If a straight line 1 is contained hy a, one of two 
intersecting planes a, ft and is. parallel to ft it is parallel to the 
join (a/?). t . [Dcfs. 

Scholium (b) : If a straight line 1 is parallel to each of two 
intersecting planes «, fi, it is parallel to their join (u, fi). 

[Use Sell., p. ICO, or Soli, (a), above.] 


9, One Pktne and Two Straight Lines. 

» 

Pfior, c. "if two ‘Straight lines 1, m are parallel, any plstne 
a which cute 1 in some point A cWs m also, 

, * ' , * *■ 

Through the parallel straight line/! 1, m tliere exists a plane lm. 

< i [Post. 5, Cor. 

r The join of the two planes a, lm having the common point A is 
th/s straight line AX (say), ' ■ [Post. 5. 

Through the point A, outside Che. straight line m, there exists in , 
the plane In only one straight line 1, which does not meet m. 

[Post. '4. 
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That is, AX,'tying in tin: plane lm. meets m in sdine point Y, 
which is a point common to n; ami «. * t 

a can not contain m, hcmmo then through the sliaight line m 
and tile point A <uA*ide it there would lie the iwu plain s lm and o, 
which contradii'ls.Post. 3. [p,, s |* 3 . 

That is, a cuts m. [Post. (1. 


Cor. • If tiro straight hues 1, m are parallel, a plane, u u'lw h is puiallel 
to or contains m is also parallel to or contains in. 

For if this were not the Jisu Prop. 0 would In; contradicted. 


• 10. Three Straight Lines. 

Prop. 7. If two straight lines I, n are each parallel to a 

tfflrd, m, they are parallelio each other. 

• 

(i) 1, n can not meet m any poyit A, fm^ if they did, through 
the point A, outside the stiaiglit. Inn* m, llicio would be 
two straight lines 1, n parallel lo % m, which luntr.ulirts 

, ll*o«L 4, Cor. (i). 

(ii) 1, n must be proved c^-planar. 

.There exists in n ;»$oiiit B outside 1, [Post. 1 . 

Through the line 1 and the point B outside it thor<? exists a 
plane IB. [Post. 3. 

Also through the pairs of parallel straight lutos 1 and m, m and 
n, there ex\pt planes lm, mn. • [Uef. 

The joins of the«e4hive planes IB* lm, mn, no two of which are 
parallel, a^e coincident, concurrent, 09 paii%lcl. [Prop. 3 (a). 

They are not coincident or cAuuricnt liecuu.so tfto jom^J, m, 
are parallel. • [Hyp. 

That fs, they are all parallel, And the join of if and mn«s therej 
fore parallel to m. > > * [Prop. (i. i 

But through the point B outside the line m there exist£ only'oru 1 
straight line parallel to it, viz. # n. [Post. 4pCur. (?). 

t _ • 

Which is therefore the join of IB and mn. • 

That is, 1, n are co-planar/aifU since they do not meet they are 
parallel. • * fupf 
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Scholirfm : Three straight lines 1, m, n, gtich that each cufa the 
other two, are, concurrent 0 /co-plamir. 

Km if 1, m meet, in A, 

p uniat either (■)'p.iss through A, in which ease the lines are 
(l concur!' ait, , 

or(ii) meet 1, m iirjjoitiLs B, C. 

In the second case, through the two intersecting straight lines 
1, m tyiere exists a plane lm. [Post. 8 . 

And the whole of the straight line n containing B, C, two points 
of the plane 1, m is contained m lm. [Post. 6, Cor. 

That is, 1, m, n are co-planar. ( 

The reasoning may clearly ho extended to cover the ease of ipiy 
numbtfr if strjpgbt lines such tjdit each cuts all the others. 


§15. Propositions to replace Prop. 12, p. 26. 

* PRor. 12 (a). Through any gi\en point A there exists 
one and only one straight line normal to a given plane a. - 

Case (i) When A lies outside the plane a. 

In the plane a there exists a straight line 1 outside A. 

' t [Post. 1, p. 157. 

Through the /itraight line ,1 and the point A outside if there 
exists a plane 1A. 6 [Post. 3, p. 158. 

• * 1 « 

Through Aon the plane 1A tha « exists a straight line AB meet* 
mg I’at/ight angles income point B. [Euc. i. 12. 

Through B in fi'.e plane a there exists a ^raighfc line BOmeeting 
i at liglit angles in B. <• , [Euc. i. 11 . 

Through the straight lines AB, BC meeting at B, there exists one 
mid only one plane ABC. •» [Post. 8 , p. 159. 

Through A in the plane ABC there exists a straight line AP, 
meeting BC at right angles in some, point P. [Euc. i. 12. 

* Euo! J xi. 11, 12, 13. which cover part of tho ground only. 
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ni<) 

(It* is i now ’required L> ],riiv. Ili.it AP 11 ii->i-m;il u> till |.i m..,,, 
ami tliis is tint Niiiu' lliinj,' i- i i i imviMn»tlul, n |» i |u-n<li> ul.it« tn 
two inlerscctiiig sti,light, lint- ,i. Ii :a>- 1 m I BtJ.) 


Tin* line 1 perpendicular to (In* 
BA, BC in iiunn.lL to tin* 


In* plain- 


t\\U Mil el 1 ** < t ill; 
<mt:niiin«z tin- 


stiaighl Inn- 


[1’ioji II, p. 21. 


1 is therefore perpendicular to .ill bliuighl linen in tin* pi,un- 
ABC, and in particular tn AP, JJM :t, p. 21 . 

and AP, BC are perpend icullr by hypothesis. # 


Therefore AP being jn jpendu nlar to the two lnteiM-cting 
.straight lines 1, BC ia normal to the plain- <1 | l’i«p. 11, p. 21. 

£To other straight line through A, AQ, is noini.il to </, l-nau-e if 
it were, through A tln re \vftuld*he two stiaight ^me-, AP, AQ 
both perpendiailar to the straight line PQ (l\ mg m th - plane a), 

• l Del. 1’o-t (I, <!m. 

and therefore a triangle APQ with two angles nglil angles, u huh 
contradicts ^Eue. 1 . :J2. 


Case (ii) in*whu-h iiTlies within a. 

There exists a plane ft intersecting a m some straight line XY. 

[Po-K l, ;■), p. 157. 

• 

Thio^gh £ there exists in the plane a a straight line AB meeting 
XY at right angles in some point P • [Em-. 1 . II or 12. 

(It make# np dilTerence to the pio#f wliWlier P coincides with 
A or not.) 

Through P there exists iif the plape ft a straighLline PQ perpen¬ 
dicular to XY. “ [Ei%. ). 11 ., 

Through AB, PQ fheeting at P there exists a^ilam* ABQ. . 

[ivt ^p. ifia* 

Through'A there exists irt the i>lane ABQ a straight «iine ,AZ* 
perpendicular to AB. [Euc. i. 11. 

• (It is now required to prove that AZ is normal to 
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XY being, hy hypothesis perpendicular ro thc-intersccting lines 
AB, PQ is normal tp (,1m pline ABQ containing them. 

[Prop. 11, p. 24. 

. ,*Y is therefore perpendicular to the straight line AZ contained 
in the plane ABQ. ( \i t £Def. 3, p. 24. 

AZ is also perpendicular to AST * [Myp. 

Therefore, AZ being perpendicular to intersecting lines XY, AB 
is norpial to tho plane a which contain s them. [Prop. 11, p. 24. 

No other straight line through A, AW, is noimal to a, because in 
that case there would exist containing the two straight lines AZ, 
AW a plane AZW. [Post. 8 , ^>. 159. 

t 

This plane having the point A in common with a would cut ^ in 
some itnjigliljinc AT, f ' ’ [Post. 5, p. 4. 

and since AT lies in a, the straight lines AZ, AW, both normal to 
a, would be perpendicular to AT. [J)ef. 3, p. 24. 

That is* through a point in a, straight line AT there would ha 
two straight lines perpendicular to it^ lying m the same plane with 
it, which contradicts the Euclidean atiom^liat all right angles are 
equal. 

The assumption that there exists a second normal through A 
being disproved, it follows that through A there exists one and 
only one normal to a, viz. AZ. 

i 

Prop. 12 (b). „ Through agy given point A ther6 exists one 
and only one plane normal to a given straight line 1 . 

If A, lies eutside 1, there exices through sA a straight line AX 
parallel ill. ‘ , [Post. 4, Cor. (i) p. 158. 

If Alies with!.'. 1 we may refer to 1 iteiif as the line AX. 

i 

There exist through AX and two points <?, Q outside it two 
.planes SXS, AX(J.' [Posts. 1, 3, p. 157. 

, Through A there exist in the plapes AXP, AXQ respectively 
straight lines AY, AZ perpendicular to AX. [Euc. i. 11. 

Through the straight lines AY.'AZ there exists a plane AYZ. 

»' [Post. 8 , p. 159; 
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The line 1, which eitfier coincides with AX or is pnr.mei to it, is 
perpendicular to AY, AZ m utlicr c;ist, # [Dcfs. 1, 2, p. 24. 

and therefore is nonnal to the plane AYZ, which contains both. 

[Prop. 11, p. 24. 

Through A no other plane Qj/NL can exist normal to 1, because 
if there were such a plaifc it would contain two intersecting 
straight* lines AL,^AM, [IW. 1, p. 157. 

to which 1 would be j}erj»ciK%cular. ' [Dcf. P* p. 24. 

AX, being parallel to 1 or coinciding with it, must, also be per¬ 
pendicular to these lines ; [Defs. 1, 2, p. 24. 

and therefore would be norfhal to the plane ALM containing 
thim ; I Prop. 1p. 24. 

through the straight line AX and the point L there would exist, a 
plane AXL; * [Post. 3, p. 158. 

which, having the point A in common with the plane AYZ, would 
meet it in a straight, line AT; t [Pus*. 5, p. 158. 

• 

and finally, ^trough ^ there would exist in the plane AXL two 
straight lines AL, AT liotli perpenduul.-u- to AX, [DcL 3, p. 24. 

which contradicts the Euclidian axiom that all right angles are 
equal. 

Thnbia, through any point Adhere is one and only one plane 
A.X Y pormal to the straight line 1. *« 


Proposition 16, p. 34, is of naty'eatjmportance, and maxwell bfc 
omitted when time jp lacking 



REFERENCES TO THEOREMS, IN 
PLANE GEOMETRY 

flue. i. 4.—Two triangles are congruent if two sides and jhe in* 
eluded angle of the one are congruent, respectively, with two sides 
and the included angle of the other. 1 

* 

Euc. i* 5.—In an isosceles triangle the angles opposite the con¬ 
gruent sides are congruent. , 

Euc. i. 6.—If two angles of a triangle are congruent, the sides 

opposite the equal angles are congruent. 

\ ' 

Euc. i. 8.—Two triangles are congrw-nt if the three rides of the 
one are congruent, respectively, to the three^ides of the other, , 

Euc. i.' 11.—To draw a straight line at right angles to a given 
straight line from a given point in the same. 

Euc. i. 12.—To" draw a straight line perpendicular to a given 
straight line of unlimited lenjjth from a given point without it. 

Euc. i. 16.—An extefbr aijgle of a triangle is greater than either 
of the two opposite interior angle%. 
v * * 'f ' * 

Euc. i. 18.—If two sides of a triangle are unequal, the angles 
oppositg, are unAjial, and the greater angle is opposite tlft greater 
‘side. 

. Euc. 1.09.—If tfwo angles of a triangle are unequal, the aides 
opposite are unequal, and the greater side ia-opposite the greater 
anglfl. v 

Euc. i. 20.—Two sidee of a triangle'are together greater than the 
third. 


17S 
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• . * 

Euc. i. 25.—If two aides of a triangle arc congruent, respectively, 
with two aides of another, hut..the third aide of the first, triangle is 
greater than the third side of the second, then the angle opposite 
the third side of th**first triangle Is greater tluyi the angle opposite 
the third side of the second. 

Euc. i. 2G.—Two triangTea# 
include^side of the one are congruent, respectively, with two angles 
and the included si5e of the other. 

Euc. i. 29.—If twfl pltrall?! lines are cut by a transversal, the 
exterior angle is equal to either the interior or opposite angles. 

EuZ?\. 32.«-The sum of the three angles of a triangle is two 
right angles. • 

Sue. i. 33.—If two sides of if quadrilateral are eipujJ and.ptfrallel, 
then the other two sides are equal and parallel, and the figure is 
a parallelogram. 

. Euc. i. 34.—The opposite sides jf a parallelogram are congruent. 

Euc. vi. 2.— If a line is drawn through two sides of # a triangle 
parallel to th% third sit]#, it divides these sides proportionately. 

« 

Euc. vi. 3.—The bisector of an angle of a triangle divides the 
opposite side into segments which are proportional to the adjacent 
sides. 

Eucmi. 4»—Two mutually eqnuBieular triangles are similar. • 


• y . 

ajt"Tongrucnt if two angles and the 



NOTES*TO TEACHERS 

• t 

‘‘It is tho glory of geometry that from those few principles, fotched from 
without, it is able to produco so many things. ...” 

" Therofeffe geometry is founded in mechanical practioo, and is nothing 
I ut that part of universal mechanics which accurately proposes and demon* 
.stnCes of the art of measuring." ^ 

—From the Preface^to Now ton's Princijna , 1686. 


The above quotations indicate the two general aims which the 
author has in mind : to provide a training m general method rather 
than a knowledge of particular theorems, and, by means of suitable 
examples, to suggest the relation between the exact abstract theory 
and its approximate concrete applications. Iij the first part care 
has been taken to help students to realise that it is no more possible 
for a statement to be proved unless in some form or otliec^tacitly or 
explicitly, it has already been* assumed, than to create matter from a 
vacuum. Similarly, in the second p^rt,/lealing with mensuration, 
proofs have been chosen with the view of forming a basis for the 
integral calculus rather than of avoiding it#\nerever possible. 

The style* of proof has been purposely made rather curt, in tl?e 
hope that the main points yould thus therefore stand out more 
Clearly, and that the etfort necessary to graep sueeessfve steps would 
fashion stouter pegs^or the memory than are provided by the really 
deceptive lucidity of some excellent French text-books, for example. 
References to previous propositions are always accompanied Jiy the 
page, in order to encourage frequent inference to the original proof 
and jfs accompanying figure. But it must not be suppo*sed that 
this style is to be recommended for use by students in examination, 
* where, in the absence of any commonly accepted reference numbers, 
any enunciation that may be used must be clearly indicated in its 

X1 
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entirety. That students are not given any encouragement to re¬ 
produce ineMianically the wording ol‘ the text-book ib not, by'any 
means, necessarily a disadvantage. In tfie alternative treatment of 
Chapter I now given, ail attempt is made to take both points of 
view into consideration, and the following plan has been adopted. 
Wherever possible, the enunciation lias letteis as-igned to all the 
variables of which it treats, so that it may he used in subsequent 
proofs, word for word, without any change other than llie sub¬ 
stitution of the appropriate letters for those in'the original 
enunciation. 

The omission of problems or constructions is another point that 
requires explanation. In*plane geometry coiN ructions have a place 
of their own, because they coriespnnd tw actual opera! ions performed 
by the student with ruler and «'*ompa-s. In solid geometry this is 
no longer the case, and tljey'aie reduced 1o their merely logical 
significance as existence theorems. This role may lie best realised 
by a reference to the proofs of Proposition 12 (a) and (/<), p. 108. 

It is always difficult to find time to teach the student all the 
theorems he ought to know and at the same time give him practice 
in making simple proofs of Ins own. On this account a number of 
theorem', too numerous to rank as propositions and sufficiently 
simple to be set as examples, have been placed in the text and 
classed aa^choliums. 
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(The numbers 

Angle between lino and piano, 
def., 34 

brtween skew lines, def., 24 
dihedral, def., 32 
of Wne, d^f., 150 
on a sphere, def., 80 ■ r 

solid, def., 4.'5 • 

trihedral, def., 45 
Antipodal point, def., 86 , 
Archimedes, 100,145 I 

Area of circle, 112 

of curved surfaces, defs., 122, 
140, 144 
of cylinder, 123 
of orthogonal projection, 111 
of parallelogram, 111 
of plane figunj, def., 111 
of prism, 121 

L of regular pyramid or frustum^ 
139 / / 

of right circular co*e or frus¬ 
tum, 14C 9 *■ 

, of rimj’af figures, 114 * 

of *-/(ierc, 147 

of spherical cap, 147 v 
of Spherical n»‘. e, 150 
of spherical triangle, 152? 

, of spherical zorn* l^o 
•4‘.-zioras^’ of equarareas, 112 
Axis o£ symmetry, def., 39 

Centre of inversion, def., 84 
of perspective, def., 14 
of ftymmftry, def., 39 


£) 

rcfc\ to jh get} 

Centroid of plane figure, def., 126 
of tetrahedron, der., 5b 
1 of triangle, def., 55 
Chaslcs, 38 

Circumference of circle, 108 # 
Circumscribed parallelepiped, 56, 
57 

polyhedron, def., 147 
Cone, def., 126 

right circular, def., 78 1 

Congruence of solid angles, 47, 94 
M of spherical triangles, 94 
Congruent, def., 22 #/ 

Conical surface, def., 126 ' 

Conjugate polyhedra, def., 74 
Conveise, 3, 4 
Convex polyhedron, dof., 60 
solid angle, def., 45 
Cylinder, def., 122 « 

right qircular, def., 7$ 

Dksaiwjuks, 16,18 , \ 

Direction,'same, def., 24 (note), 23 
Df/lecahedron, regular, 65, 74 

Equal,^ def., 23 * 

E/iclid, Elements of— 

Book xi.,*6, 24,27, 12, 23, 26, 11, 
8, 33, 46, 69, 100 
, Book xij, 112,127, 148. 

Book xiii., 60, 66 
treatment of area, 112 
treatment of congruence, 23 
Eudoxus, 2 
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Euler *38 

Euler’s theorem, 70-73 • 

m 

Face angle, dof., 45 
Frustum of cone, 

of pyramid, dof., 132 
of sphere, dof., 149 

« 

Gauche quadnlateral, def., 57 
Generator of cone, def., 78 
of cylinder, dof.,*78, 122 
Great cnclc, def., 85 

111LBHUT, 4 
Gypsies, 116 

Ic MiJODitON, regular, 63, 71 
InfWity, points and lines at! 18 
Inscribed prism, d< f , 122 * 

pyramid, def., 1.17 
tetrahedron, 56, 57 
Inverse, def., 84 
• 

Join of two planes, def., 5 

• V 

TiATFliAL areasof cyliml«t 123 
• of prism, 121 
Legendre, 47 

Length of curve, def., 107, 108 
Lcxcll, 104, 156 
Limits, 107-114 
Lune, 4tf., 9^ 150 

Media/ of tetrahedron, def., 55 
Menelaus, 4)0, J02 
Meridian section^ def., f 7 
Method of exhaustion, 2, 3 
Mid-section, def., 139 • 

Models, construction of, rt, r>i-f>r> 

Nokmal to plane, doi¥, 24 
to surface, def., 80 ; 100 
Notation, 8 

Oblique line to plane, del’., 24 
prism, def., 121 
Octahedron, regular, 62, 74 


ir. def., 109 
Parallel lines, def, 7 

£lane nnjl line, dof., 6 
planes, def., 5 

^Parallelepiped, def., 51; 57 
Defendiculut planes, def., 32 
lines, dfcf., 24 
rspectivc, def., 14 ; 16, 17, 19 
’ioturc plane, def., 16 
Polar, def., 88 

triangle, def., 92 
Pole, def., 88• 

of spherical eap, def., Al 
Positive direction, def., 90 
Post ulatoy, def., 2 

of cmved lengths, 107 
of equal areas, 112 
of measured areas, 110 
of measured volumes, 1^3 
,of spherical arfa aniflroluwe, 
147 


of mi pci position, 22 
of the plane, 4 
of tile sphere, 88 
of the straight linqy4 
Prism, def., 50 

truncated, def., 135 
Prismatoid, def., 134 
Projection by patallel linef.def., 17 
conical, def., 15 
orthogonal, def., 27 
st-eroogiaplKc, def., 84 


QtywiANT, def.,^7 

Rii%UCTi^id absurd mu, 2, 3 
»ltetlex solid angle, 45 
Regular pAyhedron, dflWuO** 
pyramid, def., 137 ; 17&-14C 
,, * solid anglo^Hef., 59 & 
•olids, 6(/66, 73, 74 
Right ciiiyilar cone, def., 7 
cylindei^nf., 78 
Right prism, def., 121 * 

section, defs., 77, 121 

• 


Scholium, def., 4 
Sector, spherical, def., 14& 
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INDEX 


Segment/ phorioal, def., 149 
Siaes of solid anj.de, def., 45 
Similar figures, def., C14 
Simply connected surfaces, def., 
73 

Simpson's rule, 134, ex., 165 t 
Skew, quadrilateral, <J ;f., 57 
straight lines, def., 7 
Slant height, def., 338 
Small circle, def., 85 
Solid angle, def., 45 
regular, def., 59 
symmetric, def., 47 
Sphere, def., 78 

tangent plane, 80 
Spherical cap, def., 1/7 
excess, def., 151 
frustum, def., 149 
s<oior, def., 148 
segment, uef., 149 
triangle, def., 87, 151 
zone, def., 144 
Stercographic projection, 

84 

Supplement triangle, def., 97 
Surface of revolution, def., 77 
intersection of, 77 
tangent plane to, 100 
Symmetric solid angles, def., 47 
spherical triangles, def., 94 
Symmetry with reppeot to— 
axis, def., 39 
centre, def., 39 
plane, def., 39 


def., 


Tangent line, def., 80 
plane, def., 80 
to sphere, 80 

to surface of revolution, 100 
Tetrahedro* * def., 51 
its properties, 54-57 
V I * opposite edges of, def., 54 
N-l regular, 61, 74 
* Twice of plane, def., 5 
of line, def., 6 
Translation/pure, def., 38 
Tf ledral angle,, def., 45 
Truncated pi ism, del., 135 


Vanishing line, def., 16 
point, dof., If; 

Volume, def., il4 

postulates of, 113,147 
Volume of cone, 128 * 

of cylinder, 123,124 
of frustum of cDiie, 132-134 
of fi i is turn of pyramid, 132- 
134 

of prism, 123, 124 
of prismatoid, 135 
'■•of pyiamid, 28 »• 
of !^..erc, 148 • 
of spherical frustum, ex., 155 
of spheiieal sector, 148 
of spherical segment, 149 
of truncated prism, 136, ex., 
141 


Wiiitrukad, A. N., 4, 22 








